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Plant in the class of model Choice of the best model
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Choice of the best model
Deterministic problem
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Approximation of static plant
characteristic

V.Y

 Problem formulation

Weight function: gu(U) /\
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Approximation of static plant
characteristic

 Problem formulation

Static plant characteristic: Y= F(U)

F —known function

U —inputvector Ue% cR° 9 -inputdomain
L .
Y —outputvector YE& <R & - output domain

Approximation function (model): y=®d(u,H)

@D — arbitrary given function

Y —model output vector ye & < R- Y] -subset of input domain

@ —vector of model parameters e ® c R & - output domain
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Approximation of static plant
characteristic

Problem formulation

Measure of difference:  Yue @ q(y,¥)=q(F(u),®(u,d))

L L
where e. g.: q Y, y =Z( Q- (')) q(y, V)=Z\y“)—y"’\ L — dimensional output
I=1 I=1
_ 2
q(y’ y):(y ) ( ( ) (u,(9)) one dimensional output
ay,y)=|y -y =|F(u)-@(u,06) (L=1)
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Approximation of static plant
characteristic

 Problem formulation

Performance index — a measure of the difference between function F(U) and ®(u,d)
»y

Q0)=[F(u)-ou.0), | v= )

Q)= [a(F(2).0(u.0) g, ()
e.g.:

Q)= [IFw)-0(u.0) 3, (0)
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Approximation of static plant
characteristic

 Problem formulation

Performance index — a measure of the difference between function F(U) and ®(u,d)

¥y

Q0)=[F(u)-ou.0), | v=Fl)

Q(#)=max{q(F (u),(u,8)) g, (u)}

e.g.:
Q(8)= maxﬂF(u)—CD(u,é?)\ g, (u)}

uey
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Approximation of static plant
characteristic

 Problem formulation

Optimal model:  §=®(Uu,8")

where 6" - optimal model parameters: 6" — Q(Q*): min Q(6)

0O
U
> F
() ,
\ A
9*
o) —
A _
> cD(u,Q) Y

HUMAN CAPITAL @ oo
i UAUAN DESS ST Wroclaw University of Technology R
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Linear case — problem formulation

Model: ¥ =®(u,8)=6"¢(u)

rEh o (u) 1

(2) df u u

where gd:f 0. o(u)= (pZ:( ) e.g.: o(u)= :
o) 0 (u)] Dliad

Performance index:
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Linear case - solution

Optimality condition for the vector & : 07
. 0

gl’;id Q(8)= —2[_[(F(u)_9 T¢(u))¢(u)gu(u) du] =0g, 0x=|. (R
0

The solution is:
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Linear case - solution

Note that:

Jrs .-

 [0.(u) g, (u)g, () du jqol u) @, (u)g, (u) du j¢1(U)¢R(U)gu(U)du_
[ 2(u) gy (u)g, (u) du Iqoz u) @,(u)g, (u) du //Icoz(U)caR(U)gu(U)du
oW u)g,(u)du  [g, )¢2(U)g (u) du /jcoR(U)coR(U)gu(U)du
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Linear case - solution

Let us choose ¢, (u) such that:

1 for i=] .
I‘PI u)du = o, hj=12,..R
0 for i#]

Then: 'f(p(u)goT(u)gu(u)du:l
and approximation algorithm has the form:

0" = [F(u) plu)g, (u)du
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Linear case - example

Plant characteristic: y= F(u) =u’

1 (1)
Model- y:q)(u’e):QT(D(u):Q(l)+9(2)u where: ¢(U)={ } 9:{6’ }

Interval: @z{u e@?:OSuSl}

u for uelo,1]

Weight function: gu(U): {0 for ueg [O 1]

Performance index:  Q(@)= I(F(u)—@Tgo(u))z g,(u)du
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Linear case - example

Y, VA

Graphical interpretation:

8. ()
1 [--------o---=
A
L
1 u
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Linear case - example

Performance index has the form:
1 1 2
Ql0)= [(F0)-0"o a. )= J{u - 072 v
g, 0

Optimality condition has the form:
1

oo o o]

Solution has the form: [ 1 L I i
. 4, ju du |u’du u® du
) 1 1 J J
Oz{j{}[lu]udu} ju{}udu: K 0 0
o LY o LY _[uzdu [u® du [u* du
|0 0 1 Lo ]
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Linear case - example

Consequently:

1 1 1 1
3 3 4 2 - _
ju deIu du—ju deIu du 1u4‘1x1u41—1u5‘1x1u3‘1 EXE_EXE
0 0 0 0 . 4 0 4 0 5 0o 3 o 4 4 5 3
1 1 1 2 2
- .[u du><fu3 du — qudu 1u2‘1x1u4‘1—(1u3‘1) 1)(1_(1]
o Lo 1 L L 1 0 1 ,p0 1 4,0 1 4p 1 1 1 1 1.2
“Uu x>uf —Sut x>u xS —Tx
1 1 1 1u2‘1><1u41— Eu?al i EXE_ 1 2
juduxfugdu—(juzdu] 2 g o (3 ) | |2 4 \3)
0 0 0 ]
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Linear case - example

Y, VA

Optimal model:  y=12u-0.3

Graphical interpretation:

g, (),
[
S
»
1 U
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Choice of the best model based on
the noise free measurements

A y:)_/

Un Yn

Identification
Plant
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Choice of the best model based on
the noise free measurements

 Problem formulation

Experiment: UN=[U1 u, - UN], YN=[Y1 Y, - yN]

Approximation function (model): y=®d(u,H)

Measure of the difference: Vvn=12,..., N q(yn, Yn): q(yn,CD(un,@))
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Choice of the best model based on
the noise free measurements

 Problem formulation

Performance index: Q,(8)= HYN -Y, (49)H

Uy

where: ¥, (0)=[0(1,,0) ®(u,.0) -~ D(u,,0)]

QN<9)=zanq(yn,yn)=i=1anq<yn,q><un,e)) e.g. QNw):im—m\:i\yn—@(un,e)\

n=1

Qu(0)=max{a(y,.¥,) = max{a(y,, ®(u,,0))} e.g.: Qu(0)=max{y, -v,/}=max]y, -o(u,.0) |

HUMAN CAPITAL . , - oo m
HUMAN ~ BEST IVESTMENT! Wroclaw University of Technology
Project co-financed from the EU European Social Fund



r \ -y Master programmes in English , g
Wrodlaw University of Technology o4 \w/roclaw University of Technology. ‘
| A

Choice of the best model based on
the noise free measurements

 Problem formulation

Optimal model: ¥ =®(u,6y) 6y —Qu (61 )=minQ, (6)
“, | identification Y
plant | The model is optimal for:
o.(0) %, « given measurement sequence
_ e proposed model
@(0) |  performance index
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Approximation task
y=F()  y=o,0)
where: g* — optimal vector parameter: 0 — Q(Q )= min Q(@)

Q6)= [a(F ) 0,0) 0, (0) |

Identification task

UN:[ul U, - UN]’ YN:[yl Y2 yN] y:q)(uigltl)
where: 8y — optimal vector parameter: 6, — Q, (6); ): minQ,, (6)

Qy(6)= %anq(yn ¥, )= ganq(yn,cb(unﬂ))

9*

05 ~ 6* On

UN :an”gu (u)
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Linear case — example

Experiment: U,\,:[u1 u, --- uN], YNz[y1 y, - yN]

AV
Model: ¥ =®(u,8)=8"p(u)=6% +6%u

1 210
where (D(U)= LJ, 0= {8(2)}

Performance index:

Qu(6)= i(yn -y,) = i(yn ~0"g(u,)f

=2
=

ui’l
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Linear case — example

N
Optimality condition has the form: gradQ, (9): —22 (yn - Q,ZT@(UH))(p(un ) =0,
0

n=1

n=1

N 1N
Solution has the form: g = {Z o(u )o' (un)} x> y.elu,)
= n=1

N N N
QN(l) Néug _(nz;un X ; ynun
QN 9*(2) N N N
N N> Y, n—(Zun X[Zyn
n|\:11 - n=1 - n=1
N> u: —(Zunjx >y,
n=1 n=1 n=1
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Linear case - recursive algorithm
Qu(0)= Z(yn V) = Z(yn 0" p(u, )

For N measurements UN =[ul u, - N] Yy _[yl Y, - YN]
N
Sprmnt } <3yl
n=1
New N+1 measurement point U, ,, Yy.1
How to adopt vector of parameters using new measurement?

9:\]+1 = A(el’\kl »Unas yN+1)

N +1 N +1

QN+1(‘9): Z(yn -V, )2 = Z(yn _QT(P(un))Z

3 0(0,)07 ()1 ol N+1)¢T<uN+1>}1{i 1o+ Ss)

n=1
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Linear case - recursive algorithm

(A+BD'C) =A*-A'B(D+CA*B)'CA™

B=¢ _wektor kolumnowy
D'=1
C=0¢p'
(A + o' ) AT A_1g0(1+ goTA_lgo) 1g0T A
D'=-1
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Linear case - recursive algorithm
Let: o, =p(u )n=12..,N+1

N+1 ; - N -1
(Z ¢n¢n ) (Z + ¢N+1¢N+1j —
n=1
N B N - T \ 1
_ PN 1PN T
_ (Z §0n j (Z ] T N T 1 (Z ¢n¢n j
"=t n=1 1+ wNﬂ@n_lqﬂn(/)n ) N
N -1
Let: Py = (Z PP j
n=1

T
P _P _P PnaPrna  p
N+1 — N N1L o P N
TOn NP
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Linear case - recursive algorithm

NN N
9* — P . P N+17N+1 P + —
N+1 [ N N 1+¢-I|\—I+1PN(DN+1 N][;(Dnyn ¢N+1yN+1]

\ Py@na®niPy < N N = N7 N VA
:PNZ¢nyn+PN(0N+1YN+1_ e Nz¢nyn_ NTN#PNA NZNAINA

n=1 1+§0L+1PN§0N+1 n=1 l+(0-l|\—l+1PN 2N

N
N I:)N PnaaYna T I:)N §0N+1yN+l¢L+1PN Pni — I:)N €0N+1yN+1(DL+1PN Pni — IDN §0N+1¢L+1PN anlgpn Yi
= I:)N Z§0n yn + T
=1 1+ oy Puicna

N
=P i(ﬁ Y, t+ PN§0N+1yN+1 o PN(0N+1¢-I{I+1PN Zn:l(Dn Y
N = o 1+ (0:1+1PN(PN+1

N Pyoy.aY N
=P D @Y, + (y u + PP ¢nyn)
N; 1+¢-II\—I+1PN(DN+1 e e NZﬂ:l

= 9:\: + KN+1(yN+1 _¢L+19N )
Py @y
-
1+ 0N aPyona

KN+1 -

where:
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Linear case - recursive algorithm

1
N

N N -1
O, =(ZWDI] D> .Yy =Py D .Y, gdzie: P, {Zconcalj
n=1 n=1

n=1

€:|+1 = A(é’; yUnis yN+1): 9:\: + KN+1\_yN+1 _¢(UN+1)T ‘9;]

KN = PN¢ uN+1)
+ T

1+(9(UN+1) PN(D(UN+1)
P _p _ PN@(UN+1)¢(UN+1)T Py
" " 1+§0(UN+1)T PN¢(UN+1)
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Neural networks

ul)=3Y
W=
W=y

y=@(u,0)
MAN EUROPEAN
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Neuron model

1) =

) =
(0)
Ty i
/u j—1 y
(2) 2) (1)
Hte—1e, b, > i
L]
L]
[ ]
Uy 1))
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Neuron model simplification

\L u(o):‘]
u®
01
u®
02
u®
Og

S
y = q{z o.u" + 90] =¢0"p(u)) @ - activation function
s=1
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Activation function

d(k
(K) _ ldla x>0 Perceptron ()
—ldlax<0 K
®(k)
Adaline £
¢(K‘) =K Adaptive Linear Neuron

1+e 7

¢(K) = tanh(ﬂ;c) = ;I:_ EZ ///
+

Sigmoidal Neurgn
Mabl EUROPEAN
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Neuron learning

Adaline
Adaptive Linear Neuron ¢(K‘) =K
\|/u(°)=1 S
L =4 3,001 +0, | =07 olu) =" ol
u s=1
- e > .
) 0=1[0,6,--6,] (p(u):[l u(l),,,u(s)]T
[Ul u, UN]:UN [Y1 Y, yN]:YN
N o, O . )
QN (Q)ZZ(yn_yn) :Z(yn_e ¢(un)>
n=1 n=1
. N . 1N
Oy = LZ; o(u,)o" (u, )} X nZ:; YU, ) Or recursive algorithm
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Recursive algorithm
6’|§+1 = A(e:l U yN+1): ‘9:\: T KN+1{yN+1 _¢(UN+1)T ‘9;\:]

KN = PNgD Uy
1+¢(UN+1)T PN(D(UNH)
P —pP I:)N ¢(UN+1)¢(UN+1)T I:)N
A 1+¢(UN+1)T PNC”(UNﬂ)
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Neuron learning

Like neuron Adaline (Adaptive Linear Neuron) ¢(K‘) - One to one mapping
\|/u(°)=1
SN % S ) T
y=4 Y 0.u+6, |= 46" p(u))
— & K y s=1
TN a—— .
. 62[90 0, 6)5] (p(U)z[l u u(s)]T
Uczenie: [ul uz"'uN]:UN [Y1 yz"'yN]:YN
N N
QN (0) = Z (Kn _ En )2 — Z (¢_l(yn )_ QT (D(Un ))2 Like before
n=1 n=1
1

D
Z %
[l
>
I =
(=Y

Z ou,)e’ (u, )} s Z_: $ (Y, olu,) Or recursive algorithm
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Recursive algorithm

*

9N+1 — A(é’ﬁ y Unas YN+1): 6’:\: + KN+1{¢_1(yN+1)_¢(uN+1)T 9;]

KN = PN¢(UN+1
+ T

1+¢(UN+1) PN(”(UNH)
Pi.i=P, — Pug Uy oluy..) Py
- | 1+¢(UN+1)T PN(P(UN+1)

HUMAN CAPITAL @ s
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology ST
Project co-financed from the EU European Social Fund




r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Neuron learning — delta roll

Q(Q): %(y _QT(P(U))Z’ &

Numerical optimization method (it will be)

0" —Q(o")=minQ(6)

= 9: — UVQQ(Q: ), 9; N — learning factor
VQ(Q) = _(y -0’ §D(U ))@(u )’ o

9:+1 = 9: + 77(yn+1 B H:T (D(U n+1 ))(D(U n+1 )’ 05
An — (yn+1 o HrTT (D(Un+1 ))
9:+1 = 0: + 77An¢(un+l)
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Neuron learning — delta roll

Q(0)= %(y —407 o)), 6, @ - activation function, differentiable
Numerical optimization method (it will be)

0" —Q(o")=minQ(6)

0., =0, -nv,Q6:) 6 N - learning factor

vQ(6) = ~{y~ole" o)) L) o). o,
0,

)
0,1 =6, +77(Yn+1 ( )) (K) ( n+1)’ 6,

:(yn+l_¢(0 (0( n+1))) ( )

0., =0 +nA go( )
n+1 n n n+1
i HUMAN CAPITAL . . 00PN
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