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Plant parameter estimation
problem

Immeasurable Measurement
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Plant parameter estimation
problem

* Noised measurements of the physical values
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Plant parameter estimation
problem

* Deterministic plant, noised measurements of the plant output
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Deterministic plant, noised
measurements of the plant output

* Noised measurements of the identification plant known static

characteristics A
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Plant parameter estimation
problem

Immeasurable Measurement
random | , noise |
parameter g !
U, | ldentification | V. | Measurement | W. =
input plant output system Result of
measurements
Estimation
algorithm
Parameter l 0
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Plant parameter estimation
problem

* Immeasurable random plant parameter

Vn
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where:
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Immeasurable random plant
parameter

* Measurements of plant characteristic with random parameter
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Plant parameter estimation
problem

* Immeasurable random plant parameter and noised
measurements of the plant output

Immeasurable Measurement
random o, noise z,
parameter
M.‘? yn WH
> F(H,CI),@) > h(y,z) >
input output Result of
measurements
- V(U W, )

Parameter 1 0
- Nf
estimate
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Noised measurements of the
physical values

 Problem formulation |-

Measurement system description: V= h(@, Z) 0 Vi Oy

=
—_
)
Ny
—
\/
-
=
—_
o
~—

where:  ve 9 h —known one-to-one function
h:0x2 -7 z2=h"(0,v)

examplesof h: v=h(0,2)=60+z

v=N(0,2)=6-z

Y~ —measurements domain (dim@=dimz =1L )
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Noised measurements of the
physical values

 Problem formulation |-

. 0 v, 0
Measurement noise: h(@,Z) N

Z, —value of random variable Z from the space &

Y
e
=
o

f (z) - probability density function

@ - observed vector of parameters, value of random variable 8, @€ ® C RR

f,(6) - probability density function

Measurements: VN=[V1 vV, - VN]
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Noised measurements of the
physical values

General form of estimation algorithm:

* Solution:
— Least square method
— Maximum likelihood method
— Bayesian method
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Least square method

Assumptions:

z
V= h(¢9, Z)z 6@ +2 —additive noise !
9 v!’l
E[;] =0 - expected value of the noise signal is zero ] j
Z
VE;II’ [;] <% _variance of the noise is not infinite

Calculations:

Least square method minimizes variance of noise signal:

Ve, (V,0) = 13-, -0

Estimation algorithm:

Estimation algorithm has the formn::1 L
6, =¥,(V,) - Var,(V,.6,)= minVar,, V,.0) —ﬁé\/n

MAN EUROPEAN
i H':‘jm £ST CMASP'TAL Wroclaw University of Technology g
Project co-fina

financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Maximum likelihood method

X - Random variable

f..(x,8) - Probability density function

6@ - Unknown parameter of density function

[xl, Xo,**, xN] = Xy - Sequence of random variables values

N
L(Xy,0) £ nfx(xn,e) - Likelihood function

n=1
6y - Estimate of unknown parameter @

Oy =¥ (Xn) = L(Xy,Oy) = max L(Xy, )
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Maximum likelihood method

—  K0,z) ——

Assumptions:

V= h(@, ;) — measurement system is described by any one-to-one invertible function

Mathematical formula describing probability density function fZ (Z) is given.

Calculations:

Probability density function of observed value V with unknown parameter:
f£,(v,0)=f,(h*(6,v))

Likelihood function has the form:

N —
L, (v, 0) Hf Hf(‘lev )‘Jh‘, where: thw

where J o IS Jacobi matrix of the inverse transformation.
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Maximum likelihood method

Estimation algorithm has the form:

Oy :LPN(VN) — LN(VN’QN):maXLN(VN’Q)

0c®
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Maximum likelihood method
* Przyktad 1 z,

Measurement system: 0 v
v=h(0,2)=0+z

Probability density function :

Measurement system description:

v=h(a,z)=a+z z=h*(0,v)=v-6
Jacobi matrix: ) = 5hz_1(6’,v) _ d (V—H)zl
oV dv
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Maximum likelihood method
e Example 1

Probability density function:

e =l

Likelihood function:

Estimation algorithm:
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Maximum likelihood method
.

* Example O e

1 for z€¢[0,1]

Noise description: fz(z):{o f [O 1]
or zé&|U,

Measurement system description: V= h(@, Z) =01 (6? > O)

Z= hz‘l(e,v):%
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Maximum likelihood method

e Example ()=t for zelo] |-
: 0 for ze[0,1] 4 N
Jacobi matrix: - h(@,z) —
oo Ve 0,1]
-1 y
Jh:ahZ (0,v) _d (X):l f(v,0)=1 ¢ 9V
oV dvie) o 0 for rk 0, 1]
Probability density function of the observed value:
tfo(v,6)

§
forv =20

1
6
\0 forv<§6

fo(v,6)=1

1
1
|
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Maximum likelihood method
.

* Example 2 e e

Likelihood function : 1
— for vn=12,...N v, e[0,6]

N
Ly (VN’Q):
0 for In=12,....,N v, &[0,6]
L ofor 0> max{v, |
QN " 1<nN "
Ly (VN’H):<
0 for ‘9<{D§§{Vn}‘
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Likelihood function:

r

L for wn=12.N v, €[0, 8]

N
Ly (\/N1‘9):< ‘
0 for In=12,...N v ¢|[0,0]
LN(VN:Q) )
f(vn)6)
: ES Jor O >max{v._|
E oN i<ngN "
Y I—N(\/N"g)_<
S = 0 s O<max,]
DX (o)
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Maximum likelihood method
.

* Example 2 e e

Estimation algorithm:

Oy =Yy (VN ): ]rg]g)l\(l{vn}
Interpretation:

6, = max{v, }=max{fz, | =6 max{z, |

1<n<N 1<n<N 1<n<N
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Bayesian method

Q_N — kP(VN) — h(g,z) L

Assumptions:

V= h(@, ;) — measurement system is described by any one-to-one invertible function

Mathematical formulas describing probability density functions fZ (Z) and fe (6?) are given.

The loss function L(@, 5) is defined, where @ is estimed value of unknown parameter.

Calculations:

wsk: R(P)= E [L(0,8 = W, )= [[L(0.%W, )t (0.v, ) doav,

7,0

where f (t9,VN ) is joint probability density function:

f (‘9’VN ): f ’(Q’VN )f ”(VN )

where T'is conditional probability density function and f" is marginal probability density function
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Bayes approach

6 — wvalueof random variable 0

Y ” p— e R
8 — continuous random variable — 6 € = CcR

fo(8) — probability density function

0 — discrete type random variable — 0 € = = {6, 0,,--+,0x, }

px =P(@=6y),k=1,2,---,K — probability density
. function
6 - possible decision

L(6,8 ) — Loss function,i.e.: L(6,0) = (60— 9_)2
L(6,6) =~ |0-0|
L(6,0)2-5(6-0),—6,(0-6)
ﬂ HUMAN CAPITAL [ N—— = [
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Bayes approach
R(0)=Eq (L(6,8))  -Risk

R(Q_)=f5 L(Q, 7] )fg (60)do For continuous random variable

R(g) =ZII§=1 L(Qk' g)pk For discrete type random variable

0* - R(0*) = mﬁinR(Q_) Optimal decision

For: L(6,8)2(0-7)°

R(0)=f= (6 —8)’fa(6)d0 - 6* = [= 0f4(6)d6 = Ey(6)

For: L(6,0)=-5(0-0)
R(0)=Jz —6(6—8)fa(8)d0 = —f5(8) - 6 > ming (—f,(8) ) =maxg f, ()
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Bayesian method

Q_N — kP(VN) — h(g,z) L

Assumptions:

V= h(@, ;) — measurement system is described by any one-to-one invertible function

Mathematical formulas describing probability density functions fZ (Z) and fe (6?) are given.

The loss function L(@, 5) is defined, where @ is estimed value of unknown parameter.

Calculations:

wsk: R(P)= E [L(0,8 = W, )= [[L(0.%W, )t (0.v, ) doav,

7,0

where f (t9,VN ) is joint probability density function:

f (‘9’VN ): f ’(Q’VN )f ”(VN )

where T'is conditional probability density function and f" is marginal probability density function

M a N EUROPEAN
i ivegr-ehrns o Wroclaw University of Technology S
Project co-finz

financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology —

at Wroctaw University of Technology

Bayesian method

The problem: ¥, — R(¥,)=min R(T)
R(7)- [ L7000 1704,

oy elo)y,]

I' — conditional risk

[L0.5 -7, ) 1oV, )do

S}
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Bayesian method

The problem is reduced to the equivalent one:

o, =¥,v,) > r(6,.v,)=minr(@V,)

0O

20) s XIS AN § A RCAR N
f’(‘9|VN) nrl] = =
Hf

j (h:*(o,v,) )|Jh|d0 const
j fe(é?)lﬁ[ f,(h;*(6,v,))|3,|d@ = const for given sequenceV,
® n=1
N
f,(9|VN) a )H fz( A ))|‘]h|

n=1
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Bayesian method

e Example

Loss function: L(9,9>= —5(9—5)
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Bayesian method

* Example
oh;'(e,v) d
Jacobi matrix: J, = 28(\/ )= v (V—H)zl 2
Probability density function of the observed value: fv(v\ﬁ): #exp _M m
O'Z\/E 20°

A posteriori probability density function:
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Bayesian method
* Example

For loss function: L(H, 6’_)= —5(9 — 6?) the conditional risk

0.0, L., |- [U0.5 =%, ) oV, )0 =13V,

(C]

n=1
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Bayesian method

e Example

2
N
Estimation algorithm: Oy
8 m9+(j DV,
Oy =Py (Vy )= —— 22
N N\YN /=

Discussion:
1° N —small number 2° N >
(O'Z >> 06) — poor measurements (az << o'g) — good measurements
6, ~m 1 &
N 0
HN zWZVn
n=1
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—1 h(6,2) » Y(Vy) ——
VA
_Q_-uF('LL, 0, Z) Iy > QN
YV
. oy | (Vn)
h(8,z)

=l
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Thank you for attention
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