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L.3a. Noised measurements of the physical values
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Optimal model for:
• Given measurements sequences
• Klass of models
• Given performance index
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Full probabilistic knowledge
▪ First type regrsesion

▪ Second type regression 

Unknown probabilostic knowledge
• Performance index estimatin 

• Parameter estimation of the probability 

distribution

• Probabilit ditribution estimatoin
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Methods:
▪ Least square

▪ Maximum 

likelihood

▪ Bayes’a

 
 

 
 

 
 

 

 

 

 
 NN

NN

yyyY

uuuU





21

21 ,

=

=

Nn

uFy nn

,,2,1

),,(

=

= 

( ),NN UFY =

( ) ( )NNN

df

NN YUYUF ,,
1  ==

−

 
 NN

NN

yyyY

uuuU





21

21 ,

=

=

( )NNNN YU ,=

( )NNNN WU ,=

Choice of the best model
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Plant parameter estimation 
problem 

• Noised measurements of the physical values

 

 
 

 

 
 

 



Plant parameter estimation 
problem 

• Deterministic plant, noised measurements of the plant output

 

 
 

 
 

 

 

 

 

where:
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 NN wwwW 21=

N – estimation algorithm 

N – estimate of 



Deterministic plant, noised 
measurements of the plant output
• Noised measurements of the identification plant known static 

characteristics
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Plant parameter estimation 
problem 

• Immeasurable random plant parameter
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N – estimation algorithm 

N – estimate of 



Immeasurable random plant 
parameter

• Measurements of plant characteristic with random parameter

 

 
 

 

 

 

 

   

 

 

 

 

 



Plant parameter estimation 
problem 

• Immeasurable random plant parameter and noised 
measurements of the plant output
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• Noised measurement plant output with randomly changed 
parameters





Noised measurements of the 
physical values 

• Problem formulation

 

  

 

 
  

Measurement system description: ( )zhv ,=

where: h – known one-to-one function

V,Z →:h

V,v

( )vhz z ,1 −=

examples of      :h ( ) zzhv +==  ,

( ) zzhv ==  ,

W – measurements domain (                                     )Lz == dimdim



Noised measurements of the 
physical values 

• Problem formulation
Measurement noise:

nz – value of random variable        from the space

( )zf z


RR ,

( )f

Measurements:  NN vvvV 21=

z Z

– probability density function

– observed vector of parameters, value of random variable 

– probability density function

 

  

 

 
  



Noised measurements of the 
physical values 

General form of estimation algorithm:

• Solution:

– Least square method

– Maximum likelihood method

– Bayesian method

( )NNN V=



Least square method
Assumptions:

( ) zzhv +==  , – additive noise

  0=zE
z

– expected value of the noise signal is zero

  zVar
z

– variance of the noise is not infinite

Least square method minimizes variance of noise  signal:
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Estimation algorithm has the form:
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Calculations:

Estimation algorithm:
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Maximum likelihood method
-   Random variable

-  Probability density function

-  Unknown parameter of density function

-  Sequence of random variables values 

- Likelihood function

-  Estimate of unknown parameter



Maximum likelihood method

Assumptions:

( )zhv ,= – measurement system is described by any one-to-one invertible function

( )zf zMathematical formula describing probability density function             is given.

Probability density function of observed value      with unknown parameter:

( ) ( )( ) ,,, 1

hzv Jvhfvf = − 

Calculations:

v

where        is Jacobi matrix of the inverse transformation.
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Maximum likelihood method

Estimation algorithm has the form:

( ) ( ) ( )


,max, NNNNNNNN VLVLV


=→=



Maximum likelihood method

• Przykład 1

Probability density function :
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Measurement system description:

( ) zazahv +== , ( )  −== − vvhz z ,1

Jacobi matrix: ( )
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Measurement system:
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Maximum likelihood method
• Example 1

Probability density function:

( )
( )

1
2

exp
2

1
,

2

2








 −−
−=

z

z

z

v

mv
vf








Likelihood function:

( )
( )


=








 −−
−=

N

n z

zn

z

NN

mv
VL

1
2

2

2
exp

2

1
,








( )
( )








 −−
−














= 

=

N

n z

zn

N

z

NN

mv
VL

1
2

2

2
exp

2

1
,








Estimation algorithm:
( ) ( )

=

−==
N

n

znNNN mv
N

V
1

1


23



Maximum likelihood method

• Example

Noise description: ( )
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Maximum likelihood method
• Example

Jacobi matrix: 

Probability density function of the observed value: 
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Maximum likelihood method

• Example

Likelihood function :
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Likelihood function:
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Maximum likelihood method

• Example

Estimation algorithm:
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Mathematical formulas describing probability density functions              and            are given.

Bayesian method

Assumptions:

( )zhv ,= – measurement system is described by any one-to-one invertible function

( )zf z

Calculations:

( ) ( )( )  ( )( ) ( ) 


===

N

N

NNNN
V

df

dVdVfVLVLER
V




,,,
,

( )f

The loss function                  is defined, where       is estimed value of unknown parameter.                ( ) ,L

Risk:

where                      is joint probability density function:( )NVf ,

( ) ( ) ( )NNN VfVfVf =  ,



where      is conditional probability density function and        is marginal probability density function f  f 

 

  

 

 



Bayes approach

30



Bayes approach

31

- Risk 

For continuous random variable

For discrete type random variable

Optimal decision

_
_



Mathematical formulas describing probability density functions              and            are given.

Bayesian method

Assumptions:

( )zhv ,= – measurement system is described by any one-to-one invertible function

( )zf z

Calculations:
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The loss function                  is defined, where       is estimed value of unknown parameter.                ( ) ,L

Risk:

where                      is joint probability density function:( )NVf ,

( ) ( ) ( )NNN VfVfVf =  ,



where      is conditional probability density function and        is marginal probability density function f  f 

 

  

 

 



Bayesian method

where:

( ) ( )( ) ( ) ( ) 


=
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r – conditional risk



Bayesian method

where:
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Bayesian method

• Example

Noise description: ( ) 
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Measurement system description: ( ) ,, zzhv +==  ( )  −== − vvhz z ,1
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( ) ( ) −−=,LLoss function:



Bayesian method

• Example
Jacobi matrix: 
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A posteriori probability density function:
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Bayesian method
• Example

For loss function: ( ) ( ) −−=,L the conditional risk
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Bayesian method

• Example

1o – small numberN

Estimation algorithm:
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Discussion:

2o

( ) z

 mN 

– poor measurements
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Thank you for attention
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