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Optimal model for:
• Given measurements sequences
• Klass of models
• Given performance index
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Full probabilistic knowledge
▪ First type regrsesion

▪ Second type regression 

Unknown probabilostic knowledge
• Performance index estimatin 

• Parameter estimation of the probability 

distribution

• Probabilit ditribution estimatoin
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Methods:
▪ Least square

▪ Maximum 

likelihood

▪ Bayes’a

 
 

 
 

 
 

 

 

 

 
 NN

NN

yyyY

uuuU





21

21 ,

=

=

Nn

uFy nn

,,2,1

),,(

=

= 

( ),NN UFY =

( ) ( )NNN

df

NN YUYUF ,,
1  ==

−

 
 NN

NN

yyyY

uuuU





21

21 ,

=

=

( )NNNN YU ,=

( )NNNN WU ,=

Choice of the best model



Plant parameter estimation 
problem 

 

Immeasurable 

random  

parameter 

input 

 

output 

 

Measurement 

noise 

Result of 

measurements 

 

Parameter  

estimate 

Identification  

plant 

 

 
Measurement 

system 

 

 

Estimation 

algorithm 

 
 

 



Noised measurements of the 
physical values 

• Problem formulation
Measurement noise:

nz – value of random variable        from the space

( )zf z


RR ,

( )f

Measurements:  NN vvvV 21=

z Z

– probability density function

– observed vector of parameters, value of random variable 

– probability density function

 

  

 

 
  



Noised measurements of the 
physical values 

General form of estimation algorithm:

• Solution:

– Least square method

– Maximum likelihood method

– Bayesian method

( )NNN V=



Deterministic plant, noised 
measurements of the plant output
• Noised measurements of the identification plant known static 

characteristics
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Deterministic plant, noised 
measurements of the plant output 
• Problem formulation

 

 
 

 
 

 

 

 

 

Measurement system description: ( )zyhw ,=

where: h – known one-to-one function

W,ZY →:h

W,w

( )wyhz z ,1−=

W – measurements domain (                                     )Lzy == dimdim

Measurement noise:

nz – value of random variable        from the spacez Z ( )zf z – probability density function

Measurements:    NNNN wwwWuuuU  2121 , ==





Deterministic plant, noised 
measurements of the plant output 
General form of estimation algorithm:

• Solution:

– Least square method

– Maximum likelihood method

– Bayes’ method

( )NNNN WU ,=



Least square method
Assumptions:

( ) zyzyhw +== , – additive noise

  0=zE
z

– expected value of the noise signal is zero

  zVar
z

– variance of noise is not infinite

Least square method minimizes empirical variance of noise  signal:
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Estimation algorithm has the form:
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Calculations:
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Least square method
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Decomposition of       – dimensional identification plant into      single output plants:  L L



Least square method

• Example
 

( )ufT  

+  
+  nu  ny

nz  

nw  

Empirical variance of noise  signal:
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Maximum likelihood method

Assumptions:

( )zyhw ,= – measurement system is described by any one-to-one invertible function

( )zf z– independent value of random variable      with known probability density function 

Calculations:

probability density function of random

( )uwfw w ;,−
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For a given Nnun ,,2,1, = noised output is measured Nnwn ,,2,1, =

Taking into account plant description ( )( ),,, zuFhw =

variable with parameters  has the form: ( ) ( )( )( ) hzzw JwuFhfuwf = − ,,;, 1 

where        is Jacobi matrix:
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Maximum likelihood method
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Estimation algorithm:

Likelihood function:
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Maximum likelihood method

• Example 1
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Maximum likelihood method

• Example 1
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Maximum likelihood method

• Example 2

Noise description: ( )
 
 







=

1,0for0

1,0for1

z

z
zf z

Measurement system description: ( ) ( )( ) zuzuFhzyhw  === ,,,

( )( )
u

w
wuFhz z


 == − ,,1

 

( ),uF  
nu  ny  

( )zyh ,  

nz  

nw  

Plant characteristic: ( )0),( ==  uuFy
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Maximum likelihood method
• Example 2
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Maximum likelihood method
• Example 2
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Maximum likelihood method

• Example 2
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Maximum likelihood method

• Example 2
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Mathematical formulas describing probability density functions              and            are given.

Bayesian method’s

( )zf z ( )f

The loss function                  is defined.( ) ,L

Assumptions:

( )zyhw ,= – measurement system is described by any one-to-one invertible function

( )zf z– independent value of random variable      with known probability density function nz z

For a given Nnun ,,2,1, = noised output is measured Nnwn ,,2,1, =
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 – plant parameters vector, value of random variable 
RR ,



Bayesian method’s

Calculations:
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( )( )zuFhw ,,=Taking into account plant description:



Bayesian method’s
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Bayesian method’s
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Bayesian method’s

• Mean a posteriori value method
Special case of the loss function: ( )     −−=

T
L ,

Conditional risk: ( )     
    







T

NN

T

NN

T

NN

T
df

NN

UWEUWE

UWEUWr

+−=

=−−=

;2;

;;,

Estimation algorithm:

( )   NNNN

N

NN UWEUWr 02;2;,grad =+−=
=







( )   ( ) 


dUWfUWEWU NNnNNNNN ;;, === 




Bayesian method’s
• Maximum a posteriori probability

Special case of the loss function: ( ) ( ) −−=,L
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Bayesian method’s

• Example
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Bayesian method’s

• Example

Jacobi matrix: 
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A posteriori probability density function:
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Bayesian method’s

• Example
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Bayesian method’s

• Example
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Thank you for attention
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