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Plant in the class of model Choice of the best model
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Plant parameter estimation
problem

Immeasurable Measurement
random o noise | ,
parameter g ”
“, | ldentification | Y» | Measurement | W.
input plant output system Result of
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algorithm
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Noised measurements of the
physical values

 Problem formulation |-

. 0 v, 0
Measurement noise: h(@,Z) N

Z, —value of random variable Z from the space &

Y
e
=
o

f (z) - probability density function

@ - observed vector of parameters, value of random variable 8, @€ ® C RR

f,(6) - probability density function

Measurements: VN=[V1 vV, - VN]
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Noised measurements of the
physical values

General form of estimation algorithm:

* Solution:
— Least square method
— Maximum likelihood method
— Bayesian method
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Deterministic plant, noised
measurements of the plant output

* Noised measurements of the identification plant known static

characteristics A
B
—u> F(U 9) d > h(y z) W—n> ; Y= F(U 9)
W, |F------------ . I
Yo 7777777 ==
u
u Upn >
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Deterministic plant, noised
measurements of the plant output

e Problem formulation

ZJ’!
Measurement system description: W= h(y, Z) l

i, Y Wy

where: We 9% h —known one-to-one function

h:% x2 > z=h'(y,w)

Y — measurements domain (dimy=dimz=1L)) l 0,

Measurement noise:

Z, —value of random variable Z from the space X fZ(Z) — probability density function

Measurements: U, =[u, U, - U} Wy=[w, w, - w]
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Deterministic plant, noised
measurements of the plant output

General form of estimation algorithm:

QN :LPN(UN’WN)

* Solution:
— Least square method
— Maximum likelihood method
— Bayes’ method
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Least square method

(one dimensional case L=1)
Assumptions:

W= h(y, Z) =Y+2Z - additive noise " Eue) Yo -, N

S ———

E[;] =0 - expected value of the noise signal is zero
z
Var [;] < o0 — variance of noise is not infinite

z

Calculations:

Least square method minimizes empirical variance of noise signal:

1 1<
Vaer (UN ,WN ,H)ZWZ(Wn o yn)2 ZWZ(Wn o I:(ume))2
n=1 n=1

Estimation algorithm has the form:

QN = LIJN (U N ’WN ) — Vaer (U N ’WN ’QN ): rg"gvaer (U N ’WN ’9)
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Least square method

Decomposition of L —dimensional identification plant into L single output plants:

2
1) 1)
(1) n + Wn
FO(u,0) >

T2

gn Zy
u Yo y. W u 5 i W
N, F(u,é?) i LN n > F?(u,0) n > ">

; z")
(L) (L)
(L) n - W
FO(u,6) > >
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Least square method

 Example S T l "
Empirical variance of noise signal:
1 N 2 1 N T 2
Vaer(UN’WN’H):ﬁZ(Wn_yn) :WZ(Wn_e f(un))
n=1 n=1
Estimation algorithm:
N Y
00 =0 W)= 310 17(0)| St
n=1 n=1
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Maximum likelihood method

lzn

Yn Wh
— F(u,9) > h(y,z) f—

Assumptions:

W= h(y, ;) — measurement system is described by any one-to-one invertible function

Z, —independent value of random variable Z with known probability density function fZ(Z)

Foragiven U ,N=12,..., N noised output is measured W,,N=12,..., N

Calculations:
Taking into account plant description W = h(F(u, (9), ;), probability density function of random
variable W— f,(W,8;U) with parameters @ has the form: f,(W,8;u)= fz(hz‘l(F(u,Q), W))-‘Jh‘

where J, is Jacobi matrix: j _ oh*(y, w)
“ ow
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Maximum likelihood method

lzn

— ' F,0) ~  h(yz) —

Likelihood function:
N N

Ly Wy, 6;0, )= ] fu(w,, 5u,) =T T £. (03 (F (u,, ) w,))|3,|

n=1 n=1

Estimation algorithm:

HN :‘PN(UN’WN) — LN(WN’QN;UN):maXLN(WN’g;UN)

Oc®
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Maximum likelihood method

\

* Example 1 SN T l -

2
20,

1
Noise description:  f,(z)=———=exp| -
) o,N21m {

Measurement system description: W= h(y, Z)= y+12
z=h"(F(u,0),w)=w-6"f(u)

Jacobi matrix of the inverse transform :

_ Ghzl(FEj(\rlv,ﬁ),w) _ d(?N (w—6"  (u))=1

Jy
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Maximum likelihood method

Z
Example 1 S P l “
1 (w=6"f(u)-m )2_
Probability density function: f O:u)= exp| — z )
robability density function L(w,6;u) sz xp{ 207 | |1|
- . N 1 (W —0" f(u )-m )2
Likelihood function : W ,0;U ex L 2
1;!0'2\/2 P ]

n=1

[ ( n)_

207

; . 1 ’ S (Wn_e-rf(un)_mz)2
LN(WN’Q,UN)_(O'Z\/EJ eXI{Z‘ 20_22 ]

6 = WU, W) {zfmn)fwun)} S (w, ~m,)f (u, )

n=1 n=1
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Maximum likelihood method

lzn

 Example 2 ) ree P he B

Plant characteristic: Y =F(U,0)=60u (9 > O)

fz(z)z{l for z¢[0,1]

0 for z¢[0,1]

Noise description:
Additional assumption: Vv n=12,...,N u >0
Measurement system description: W= h(y, Z)= h(F(u, 9), Z) =0 uz

7 = hz‘l(F(u,H),W)z%
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Maximum likelihood method

* Example 2

U,

—

1
Jacobi matrix:  J, = o, (F(u.0)w) _ d [(;Allj

Probability density function of the observed value: f (W o u) _
w 1 Y -

OW

(1

— for

(w,0; u)={%¢
hu k0 for

i HUMAN CAPITAL
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Y>0
u
w

—<40

u

1
6u

Fuo) =" h(y.2)
Lo W 0, 1]
u éu
0 for — ¢[0,1]
éu

1 fw(W, 6;u)
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Maximum likelihood method
Example 2

Likelihood function :
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Nl for vn=12.. N “nelo 0]
u
01 |u, "
|—N(WN"9;UN):< ]r;l[
for In=12,...N “1glo, 0]
un
fw (Wn: 0; unji
Ly(Wy, 0; Uy fw Wi, 0 1) (1 m
for 6>maxs—}
1<n<N un
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Maximum likelihood method

lzn

 Example 2 N Y T Y
Likelihood function : f 1 for Vn=1 2 N Me[o 0]
. o1]u, N
LN(WN'Q’UN): n=1
0 for In=12... N nglo 0]

L for 0> max{%}

N 1<n<N |
61 |u, n
LN(WN’Q;UN):< lr:!
0 for < max{%}
1<n<N u,
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Maximum likelihood method

lzn

 Example 2 ) ree P he B

Estimation algorithm:

1<n<N un

6, =¥, U,W,)= max{%}

Interpretation:

w du z
6, = max{—”} = max{ n } = 0 max{z, }
1<n<N un 1<n<N u 1<n<N

n
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Bayesian method’s

h(y,z) F——m—

\

— " Fuoe)

Assumptions:

W= h(y, ;) — measurement system is described by any one-to-one invertible function

Z, —independent value of random variable Z with known probability density function fZ(Z)
Mathematical formulas describing probability density functions fZ (Z) and fg (9) are given.
The loss function L(Q, 5) is defined.

Foragiven U ,,N=12,..., N noised output is measured W,,N=12,..., N

@ - plant parameters vector, value of random variable 8, 8 € ® c R®
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Bayesian method’s

u, Yn w
Calculations: —  F(9)

Y
=
—
<
N
~
\:

Taking into account plant description: W= h(F(u, 9), ;)

risk: R(P)= E [L0.8=F0, W, )]= [ [Ll6.70,W,)f O.W,:0,)doaw,
=N - W, ©
where f (6’,WN Uy ) is joint probability density function:
F(O,Wy;Uy )= /(0w ;U )f W ;Uy,)

The problem: Ty = R(‘PN ): mq@n R(W)
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Bayesian method’s

Joint probability density function: f(6,W,;;U, )= f '(Q’WN U )f "W;U,)

£,0) i Wylo:uy,)  £,00) fuWylau,)
: f'l@ U, )=-2 WN \"YN NI _ 0 wn VN N
where: ( ’VVN N) f”(WN ;UN) Jfa(g) fWN(WN‘Q;UN)dH
N )

fon (WN|6?;U,\I ):H fw(wn|6;un)

n=1

Conditional probability density function of observed value: fW(W|t9; U)= fz(hz_l(F(U,H), W))|Jh|

O] 10 (F,,0,w,)9, N
(oW, iU )= o 1O .0 E 00w,
J 01T

f,(h( w,))[3,|d6 n-L

® n
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Bayesian method’s

Risk:
()= [ [T, W) a0, )00 10, )aw,

Conditional risk:
(6., )2 ElLO.W, U, |- [L6.5 - T, W, )t (oW, ) do

Estimation algorithm:

HN:LPN(UN’WN) — r(eN’WN;UN):rpEQ (QW U )
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Bayesian method’s

* Mean a posteriori value method
Special case of the loss function: L(@, 5): [(9 — e_]T [6? — 5]
— df — —
Conditional risk: I‘(H,WN;UN)=|§[[Q—9]T[Q—9]NVN;UN]:
~Elo"ow,u, ]-20el0"w, v, [ o7a
grad r(g’WN Uy )

D=0 :_ZE[Q’\/VN;UN]+2‘9N =0y

= UN
Estimation algorithm:

Oy = (UN’WN): %[QM/N;Un]:Ief’(Q’\NN;UN)dQ
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Bayesian method’s
* Maximum a posteriori probability

Special case of the loss function: L(H, 5) = _5(0 - 5)
Conditional risk: r(g’WN Uy ): __[5(9_ g)f ’(Q’V\/N Uy )d@ =—f ,(§’WN Uy )

®
Oy :TN(UN’WN) - f,(‘gN’WN;UN):r?Sg( f'(g’\NN ;UN)

f0uWyiUy) @ fe(eN)ljfz(hzl(F(unﬂN),Wn))\Jh\

0, =Y, (U v Wy ) such that:

N

O T F.00w )3, = T (Rl b )

n=1
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Bayesian method’s

Zn

* Example L P l "

Plant characteristic: Y =F(u,8)=6u

Noise description: f (Z)— L exp| — z’

PRET Z o,\N2rx 207
1 (0—m, )’
A priori distribution: f,(0)= exp| — 0
) o,27 { 207 }
Measurement system description: W= h(y, z): y+2z, z=h 1(|:(u’ 9), W) —wW-40u
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Bayesian method’s

Example L B B l ",

1
Jacobi matrix:  J, = oh,*(F(u,0) W) = d (W—H u):l
oW dw

1 —Ou)
Probability density function of the observed value: fW(W‘H; u): \/_ exp{— (W zu) } ‘1‘
o,N21w
A posteriori probability density function:
Flowiu,) @ 1) TR, 0w ) -

1

- 2
1 ( ) N (W —0u )
= eXp eXp n > n
o2 20 ln_[ o,N2r 20,
i EEMM_AUEy .,c,.,LAgPM'J:]AL Wroclaw University of Technology mg)ﬁ\;g
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Bayesian method’s

u

 Example —

A posteriori probability density function after transformation:

N

love) o« 1,0)]] .02 (Fu,@)w)), =

n=1

1

N
1
o,N2r\ o,N2x J { 207 = 20

HUMAN CAPITAL (3 v
i HUMAN - BEST INVESTMENT! w Wroclaw University of Technology o
Project co-financed from the E

roject co-financed from the EU European Social Fund

\/



r \ i Master programmes in English
L loelb Ol RO I B ety University of Technology

Bayesian method’s

Zn
un yn + § Wn
 Example ) = =
2
Estimation algorithm: o, | N
: m,+| —% | D wu,
6, =¥, (U, W, )= e/
N = T\ NN )= N
o
1+ =2 | Y ur
O-z n=1
Discussion:
1° N -small number 2° N > o
(O'Z >> (79) — poor measurements (az << o'g) — good measurements
N
Oy =M, D W,
n=1
O\ =
u

n=1
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Thank you for attention
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