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Noised measurements of the
physical values

 Problem formulation |-

Measurement system description: V= h(@, Z) 0 Vi Oy

=
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)
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—
\/
-
=
—_
o
~—

where:  ve 9 h —known one-to-one function
h:0x2 -7 z2=h"(0,v)

examplesof h: v=h(0,2)=60+z

v=N(0,2)=6-z

Y~ —measurements domain (dim@=dimz =1L )
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Noised measurements of the
physical values

General form of estimation algorithm:

* Solution:
— Least square method
— Maximum likelihood method
— Bayesian method

HUMAN CAPITAL @ oy
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology o
Project co-financed from the EU European Social Fund

-financed from the EU Europea



@ Master programmes in English
Wroctaw University of Technology —

at Wroctaw University of Technology

On
— h(6,2) » Y(Vy) ——
VA
i "
—9—-F (u,0,2) > QN
YV,
. uw | N)
h(8,z)
WN]
ap
i HUMAN CAPITAL T— e

t financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology —

at Wroctaw University of Technology

Deterministic plant, noised
measurements of the plant output

* Noised measurements of the identification plant known static

characteristics A
|
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W, |F------------ . I
Yo 7777777 ==
u
u Upn >

HUMAN CAPITAL [ - moren
HUMAN ~ BEST IVESTMENT! Wroclaw University of Technology
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Immeasurable random plant
parameter

* Measurements of plant characteristic with random parameter
A ¥

v=Flu.0.0),
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Immeasurable random plant
parameter E

* Problem formulation Uy

F(u,0,0) b,
Plant characteristic: Y = F(U, 0, a)) -[
Random plant parameter: @ €2 C R, (dim y=dimo= L) Pl Yy) [
F —one-to-one mapping @ = Fa,_l(U, 0, Y) l Oy

@ —value of random variable @ from Qc R

Probability density function fw (50) is given

Measurements: UN=[U1 u, --- UN], YNz[yl Y, - yN]

Estimation algorithm: 6, = P, (U,,,Y,,)
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Noised measurements of the
physical values

* Solution:
— Least square method
— Maximum likelihood method
— Bayesian method
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Least square method

Assumptions: %

y= F(U, 0, a))z IE(u, (9)+ @ - plant characteristic | F)

clo]-0 Varl]<

Calculations:

Least square method minimizes empirical variance:

l N ~
Var (U, ,YN,Q):WZ(yn - F(Unﬂ))2

n=1

Estimation algorithm has the form:

6, =¥, U,.Y,) — Var,(U,.Y,.6,)=minVar, (U,.Y,.0)

0<c®
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Maximum likelihood method

" Fuse)

Assumptions:

@, isvalue of random variable @, with probability density function fw(a))

For a given input U_, output Y,,N=12,..., N is measured

Sequence Y,,N=1 2,..., N contains values of random variable y: Y= F(U,Q,Cf_))

Calculations:

Probability density function fy(y,e;u)z fw(Fw‘l(u,H, y)).‘JF‘

oF *(u,6,y)
oy

where J_ is Jacobi matrix: Jg =
N

Likelihood function: LN(YN,Q;UN)=H y (y.,0 Hf ( u,,6, yn))\JF\

n=1

Estimation algorithm: 6, =¥ (U N YN ) — L, (YN ,0,;U )= rga@x L, (YN , ;U )
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Bayesian method’s

Assumptions:

Additionally @ is value of random variable @, with probability density function fe(ﬁ)

Calculations:

r(@,YN;UN)dzf%[L(Q,?)\YN;UN]z'[L(Q,g:?(UN,YN ) £(

(C]

\)de

N

c) 1
A’posteriori probability density function: fy(y\e,u)_ f“’(F“’ (u,6?, y))‘JF‘

Hf ( u 0, yn))|‘]F|

F(OYy:Uy )= ;
H fa)( F,H(u,, 6, yn))|JF|d8
n=1

Estimation algorithm: HNz‘PN(UN,YN) > r(6,.Y;Uy)=minr(,Y,:U,)

0O
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Random plant parameter and
measurement noise

* Noised measurement plant output with randomly changed

parameters
l(yn lzn
U, v, W,
U Rwee) = (e .
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* Noised measurement plant output with randomly changed

param eters
l @, l z,
U V W
R ) H
) ) B a(s) s
A ¥ A y’W
v=Fluw.0.0)
.
__________________ v =Flu.0,0), . LF(U’Q’ a))
¥ —_— X w= a)n
L]
————————————————————— .
Vi . | 107 s M ¢
Y=~ —=> """':'____': _____ "\ _L'=.:"{H,0,(GJ. yn ------------ ' E
i i i o =a, E E
| ! l
i - . >
> u, u,
w, o, T,
i H,E,“Mﬁg .,c,.,LAgPM'J:]AL Wroclaw University of Technology mg)g‘;g
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Least square method
|wn lzn
Y o) @l; L S

Z, ® —random variables such that E[Q] =0, Var [Q] < o, E[;] =0, Var [;] < 00

Assumptions:

Measurements are values of random variable: W= F(U, 9)+ +Z

E [@+2]=0, Var[o+z]<w

Calculations: 0+2

N

Empirical variance:VEir(a,H),\l (U N ,WN ) 9) = %Z(Wn - |E(un 1 ‘9))2
n=1

Estimation algorithm: 6y =¥y (U AL ) — Var,, (U N Wy Oy ): minvar(a)+z)N (U N Wy ’6?)

0<®
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Maximum likelihood melmthod

— > F(u,é’,a))

w

Assumptions:
@, isvalue of random variable @, with probability density function fw(a))

Z, isvalue of random variable Z, with probability density function fz(Z)
w.,n=12, ..., N arevalues of random variable W= h(y,;)

Foragiven U, ¥Y,,N=12,..., N are values of random variable y= F(U, Q,Q)

Calculations:

Function N is no one to one mapping with respect (y,;), so we add identity Y =Y and we have
w=hly.z) -
y=y
The inverse transformation: 7= hz‘l( ,V_V)
y=y
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Maximum likelihood method

oh, (y.w)  oht(y,w)

Jacobi matrix:  J = ow oy =
¥ o
LxL LxL

ow oy

where: O,,, isL—dimensional zero matrix, is L — dimensional unit matrix

IL><L

Determinant of Jacobi matrix:

[ahzl(y' W) 8hz_l(y, W)] _ ‘ahl(y’ W)
oW

3=

oW oy

C)L><L I LxL
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Maximum likelihood method

Joint probability density function of random variables (w,y):
£y, 0:u)= £, (0 (v W), (v, 0:0)[3| = £, (0 (v, W)t (Fo (w6, )[36 94

Marginal probability density function of random wariable w:

£, (w,05u)= [ £,(0 (v, w))f, (y,6;u) | |dy = I £ 0 (W), (B 2,6, y))|3: 3, |dy

&

&
Likelihood function: l n l H
. N ) J» Flu,0,0) ol > h(y,z) L»
Ly (WN’Q’UN):_“_ fw(Wn’g’un):
n=1
N
= 1 j fz (hz_l(y’ Vvn ))fa)(l:a)_l(un ! 9’ y))|‘]F ||‘]h|dy

n=1 %

Estimation algorithm: 6, =¥, (U,.Y,) — L,W,.6,;U,)=maxL,W,,6,U,)

0c®
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Bayesian method’s

Assumptions:

Additionally @ is value of random variable @, with probability density function fe(ﬁ)

For a given parametr @ and input U, the sequence Y,, N =1, 2,...,N arevalues
of random variable Y under condition @ =6 and inputis equal U .

wW,,N=12,..., N are values of random variable W under condition & =0

Z. isvalue of random variable Z, with probability density function fZ(Z)

Calculations:

w=hy,z)

f,(wo;u)= [ £, (0 (v, w))f, (yl;u)|aldy = [ £, (0 (y, w))f,,(F,*(u, 0, y)) 3¢ |9,y
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Bayesian method’s

A’posteriori probability density function:

O [ 10 0, ), (.10, 0,9))19 9,

1”(‘9|WN;UN): r\T:l(%
I f@(Q)H J‘ fz (hz_l(yiwn ))fa)(Fa)_l(un’ei y))|‘JF||‘Jh|dyd€
c) n=l g

Conditional risk :

(6.v,:0, =E[L.8)W,:U, = [L(0.6 =PV, W, ) (6W,;U,, ) do

C]

Estimation algorithm: 6, =¥, (U W) — r(6,.W,;U,)=minr(@,wW,:U,)

2C]
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Thank you for attention
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Least square method

wy,=u,*+z,, u,=Ri,, n=12,---,N

z ~ N(0,0;)

Vary(R)=Xn-1(Wn — Riy)?

N .
R. — Zn=1 Wnlin
ADXCHE
n=1\'n
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Maximum likelihood method

W,=u,+z,, U, =Ri, Z ~ N(m,o0,)

— 2 1
exp (— (z—m,) ) fR(R)=\/2

2072 TOR

( (R_mR)z)
exp | —

2
205

B 1
fz(2) = 2

o,
Zn=w, —Ri,, J=1

( (W—Ri—mz)z)
exp | —

207

1
fwW,R; 1) = 72

Oz

(Wn_Rin_mz)z)_
> —

1
Ly(Wy,R; Iy) = g=1 V2no, exp (_ 207

— 1 N 2%:1(Wn_Rin_mz)2
B (\/chrz) €xp (_ 202 )

?I}LI:l(Wn — mz)in
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Bayesian method’s

w,=u,+z,, u,=Ri, Z ~ N(m,,0,) R ~ N(mg,0r) L(R,R)=—-8(R —R)

(z —my,)? B (R —mg)?
f,(2) = \/ZHJZ exp( 207 ) frR(R) = V2non exp (— 207 )
Zn =W, — Rln, =1
_ (w — Ri —m,)?
o) = e (-5

(R—mpg)? 1 (Wp—Rin—mz)?\ _
T(R WN’ IN) \[2 oR exp (_ 20":2:2 ) g:l \[ZTL'O'Z exp (_ 20-22 )_

N _ 2 N —Di 2
1 ( 1 ) exp(_ (R m;R) _2n=1(Wn R;n my) )

"~ \2mog \V2na, 202 202
2
OR N
mg + (0-_) n=1Wnin
VA

RN=

2
+ o HLMAPI MY 3 oo
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Immeasurable random plant parameter

u, = Ri,, n=12,-,N

R=Ry+ BT =Ry + w, w = BT w ~N(my,0,)
() = 1 (_(w—mw)z)
fol® V2m AP

T 207
N
u=Ri=(Ro+w)i > w=<—Ry J=7 1~ w,
R0N=—Z.——mw
u 2 anlln
f( .R) 1 (T_Rﬂ_mw) 1
u, L. = ex —
: * " V2na, P 205 i
2
U,
Ly (U, Ro; I) ﬁf( -R)ﬁl (E_RO ) 1
N\Un, Ko, In) = uUn; In- = exp\ — 5 — =
n=1 r 1 V2o, 20, In

2
N Yh= 1(7—1?0 mw) 1
i i G gy v ”“h}‘?“&v “"26"2“ [R=1 in
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N N
‘ ‘ . 1_[ 1
LN(UNrRO;In) = fu(%; ln.R) = \/.z—exp —_
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2
un
-__Ro_m )
(- Ro-ma) )1
2 .
20—0) ln
N Un 2
()" exp( - Hli o) ) s
— ex — -
\/Zno‘w p 20-(% H§=1 in
N (YUn _
n=1( i mw)
Ron =
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Thank you for attention
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