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Plant in the class of model
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at Wroctaw University of Technology

Choice of the best model
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Choice of the best model,
probabilistic case

U,y ),n=12...,N

are values of random
variables
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Choice of the best model,
probabiljstic case
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(u,y.),n=12,....,N

are values of random
variables (H,XE)
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Choice of the best model|,
probabilistic case

 Plant identification with random immeasurable variable
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Choice of the best model|,
probabilistic case

e Problem formulation

Plant characteristic: =~ Y = F(U,Q)

@, -—value of random variable — plant parameter @ (a) e C @L), fw(a))

Yn —value of random variable Y —transformation of variable @

F —invertible function with respect @ : @ = Fa)_l(u,x)
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Choice of the best model|,
probabilistic case

Probability density function Y under condition U =U:

£ (ylu)=f,(F )3

!

'.V

where B aFa)_l(u’ y) U S 7N -

J
F az

U, —value of random variable U, f, (u)

input U, and output Y, are values of the random
variables (U, Y) /

Ue% cR®, ye/ cR"
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(u,y.),n=12,....,N

are values of random
variables (H,XE)
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Choice of the best model|,
probabilistic case

Two possible cases

4/\»

Full a’priori knowledge Incomplete probabilistic information

- joint probability density function

f (u, y) of random variables (Q'X) joint probability density function

of random variables (u, y)
exist, but is not known. —
Measurements:

(u,y,),n=12,...,N

are values of (g, X)

or
- conditional probability density

function fy (y‘u)

and mrginal probability density function

f,(u)

are known
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Full a’priori knowledge

fQu,y) = f,(ylu)x f,u)
Model: ¥ =®(u)

Performance index: Q(®)= u%[q(z, CD(Q))]z I _[q(y, @(u))f (u, y)dydu

U S

Optimal model: @~ — Q(CI)*)z mqgn Q(CD)

identification

y = (I)* (u) > plant

|=
|~

[

CD(M)
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For: a(y, V) =[y-¥[[y-7]

Performance index:  Q,(®(u))= I;[[y — o) [y - ®(u)Ju=ul= .!'[y ~o(u) [y —@(u)]f, (yju)dy
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Q,(@(u))=E[ly o] [y-o(u)u=u)- Jly-@ Ty-@()]f, (ylu)dy
Q(d(w)) = Ey [ZTXlu] — 2(I)(u)EZ [X[u] + d(w)To(w)

Vo @(@W)) = —2E, [ylu| + 20°w) = 0,

O*(u) = Ey [leI = fyfy (ylwdy

L
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Full a’priori knowledge

 Regression of the | type ¢+’

=0rlu)=ehu =

='W =Elylu=u]= [y flu)ay

7 Epfu=v]

v

'
[£3
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Full a’priori knowledge

e Example

Joint probability density function of random variables (Q, X) .

cted AR AEH ]

> >
Y. —covariance matrix: X 2{ o uy}

L+S

f(uy)=02r) 2

X, X

yu yy

Conditional probability density function:

f, (y\u) = (2%)‘; :

2 eXp[_%(y N my\u )T z;lu (y N my\u )}
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Full a’priori knowledge

e Example

: , _ _ -1
Covariance matrix Zy‘u . Zy|u —Zyy ZyUZuuZuy

1
Expected value M, : m,, =m, + 22y (u - mu)

Optimal model: y=® (u) = E[y\g = u]: my, =m, +2 20 (u — mu)
vy
y=d (u)=Au+b
where: A= ZWZJ&

-1
b= m, —ZyuZuumu
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Full a’priori knowledge

Model: ¥ =®d(u, )
@ -agiven function, @ —vector of model parameters

Uue ¥ c R*, Ve@%_g@L, 6ec®cRR

Performance index: Q(H)z ul%[q(X,CD(g,H))]z J‘ J'q(y,CD(u,H))f (u, y)dy du

wy

0" > Q(6")=minQ(e)

=0)

Optimal model: y=>(Uu,8)
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Full a’priori knowledge

* Regression of the Il type ro )bk
y:d)(u,e)
aty, y) =[y-y[ [y-7]
QO)= [ [ly-o(u, o) [y-o(u,6)]x ‘
ws e g u
x f(u,y)dydu . ¥ ]
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Full a’priori knowledge

Is there any relation between the | and the Il type regression ?

®"(u)~?~ou,6')

Performance index:

Q(0)= E[y-o0)f |- [ [(y-ofu,0)f (u y)dyde

U S

Taking: (CI)*(U)—CD*(U) :O) and f(u,y)="f, (y[u) f,(u) we have:

Q(8)= _[ J;((y — CD*(u))+ (CD*(u)— d(u, 6?)))2 fy(y\u)fu (u)dy du
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+2 j(y — " (u))f, (yju)dy(@®" (u)-D(u,0)) f, (u)du +
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Full a’priori knowledge

+2J‘ Jyfy(y|u)dy " ( I (y|u)dy}( o(u, 9))]: (u)du +
+ [(@"(u)-o(u,0)f f,(u) du =
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Full a’priori knowledge

the | type regression weight function

The Il type regression is the best approximation of the | type regression.
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Approximation of static plant
characteristic

V.Y

 Problem formulation

Weight function: gu(U) /\

HUMAN CAPITAL @ s
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology ST
Project co-financed from the EU European Social Fund

v




@ Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Full a’priori knowledge

A l

e Relation between

regression of the |
and the Il type
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Choice of the best model|,
probabilistic case

Two possible cases

4/\»

Full a’priori knowledge Incomplete probabilistic information

- joint probability density function

f (u, y) of random variables (Q'X) joint probability density function

of random variables (u, y)
exist, but is not known. —
Measurements:

(u,y,),n=12,...,N

are values of (g, X)

or
- conditional probability density

function fy (y‘u)

and mrginal probability density function

f,(u)

are known
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Unknown a Priori Knowledge

Joint probability density function of random variables (g,y) exists but is not
known.

Measurements:

(u,,y,),n=12,...,N are values of (g, y)
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Choice of the best model,
probabilistic case

U,y ),n=12...,N

are values of random
variables
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index

Empirical Probability Density Functions
Unknown parameters of the probability density functions

Empirical Probability Density Functions
Non parametric — Parzen estimation
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index
Experiment:
For the given: U,output measurement are repeated Y.

Consequently: )
U,y hm=12_..,M n=12..,N :
Ym0 . T K
where: : i
. Yom[~—" = X |
M, —number of output measurements for a given u,,. f
N —number of the different input values
N L L >
N=)>» M, —number of measurements U, Uy,
n=1
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Estimation of the performance index:

Q,(®(u))= I;[OI(X,CD(Q))I u=u)= Jaly, @)ty |u)dy

foru=u, i
Qua, (P(Uy)===2 AV P(u1,)
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

For

Performance index:

Q,((0)=Ey- ol ly-ellu=ul- [ly- o] [y- (), )y

7=0"(w=Elju=ul= [y {yuldy
- 4
Estimate of | type regression:

[ & _
yn :M—Zynma n:]929°°- N

n m=/
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical estimation of the performance index:

Q(0)= Elly-00)F |- [[(y-o(u,0) f(u,y)ydu

or

HUMAN CAPITAL @ oy
i UAUAN DESS ST Wroclaw University of Technology R
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology —

at Wroctaw University of Technology

Unknown a Priori Knowledge
Empirical Probability Density Functions

Empirical Probability Density Functions
Unknown parameters of the probability density functions

fluy)="f,Uy.a)

f, known function, a <o unknown function parameters

Likelihood function
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Estimate:
aN:\PN(UN’YN) - L(UN’YN'(ZN):ma;(L(UN’YN’a)

Qu., (0(u). )= [y, @fu)) —lbVetn)

5 I f(u,y,a,)dy
&
0, 6) >, (07, @) = min Q.. (@)
o f(u,y,ay)
y=@. (u,ay)=[y—-+2 NS dy
" C:L I foz (U, yaaN )dy
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Estimate (continued):
For a(y.5)=[y- T [y-7]
QaN (QﬂaN ): J IQ(y,@(U,Q)) fa (U, y’aN )dydu
L

Q;N - Q,, (Q;N Oy ): Teig Q.. (9’ ay )
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Unknown a Priori Knowledge

Empirical Probability Density Functions

s fo(x) Parzen Estimator

£.(x) Kernel Density Estimation
/ Non Parametric Statistical Estimation

Ll Ll L
1 T LI LI 1 T
xf! EUROPE.
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Unknown a Priori Knowledge
Empirical Probability Density Functions

X—random variable, probability density function f,(x) exists but is unknown.
Observations:

[Xl X, "'XN]: XN

Parzen’s estimate:

0= i)t (1)
where:
h(N)> 0, lim h(N)=0, lim h?(N)=oo

K, — known function (kernel), such that:

sup\K (x) < o0, IK X)dx = 1_”K x) dx < oo, Ilm\K (x)=0

XH—)oo
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Example h(N ): cN

where: C and & are numbers;

c>0,0<05<i
P
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Examples

=1t -6 e s 1

0 dla|x|> I ol
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Joint probability density function of random variables (u, y) , T(u,y)

f (U, ysU .Yy )= hL+S N)Z ( )j (iENy)nj

Probability density function f,(u) :

fon (U )= N hg(N)iK“(uhzl\T;J
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Unknown a Priori Knowledge
Empirical Probability Density Functions

and conditional probability fy(y u):

ny(y\u;UN,YN)z

RGeS
" Ee()
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Consequently:

Qu (@(U)U .Yy )= [aly, @), (yju;U,, Yy )dy

&

y= (p:l (U§U N YN )_> Qun (@:1 (U,U N YN ),U N TN ): I;}(i&l) Qu (@(u),U N TN )
For:

aly, y)=[y-y] [y-v]
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Unknown a Priori Knowledge
Empirical Probability Density Functions

First type regression

h“(N) N u-—u,
2
Under condition for K, (y): K,(y)=K,(-y) we have:

TR o

&
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Unknown a Priori Knowledge
Empirical Probability Density Functions

and first type regression:
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Unknown a Priori Knowledge
Empirical Probability Density Functions

Optimal model:

Qu (H;UN Y ): J- IQ(y,CD(U,H))fN(u, y;U, ,YN)dydu

HL(UN’YN)_) QN(H:I;UN’YN): Ipei(gQN(e;UN’YN)
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Plant in the class of model

Choice of the best model

—_ *
D y=®(u,6y)
€ , Obiekt ¥, * ( * .
t u, ,1 _ dontyiacs 0, — Q\ (65, )=minQ, (0)
e _— F(u,0) y—>U N = [ul u, Uy ], identyfikacji N QN N ; QN
&
S Yo=ly. ¥ Yl o0 — g =¥ (U,,Y,)
- «?F!
| Y, = F(u,,6), ] v 2] U=l u, - uy)
i n=12,...,N y=rl) _ Yy = [yl Y> yN]
s {r=Flus) N\ Optimal model for:
te Yy =F (U \ ’9) *  Given measurements sequences
Z * | df I 7INI=ekd) e Klass of models
7 6=F ! UnYy)="nUY) L *  Given performance index
n i u o =
y n 1‘:‘ i A‘:”_ [ v “
o, z, Methods: vy ,
= Least square
" . W = Maximum y
— | Flbo) ——s  hlnz) —— E;I;ilg]sgzd thf=v]
L s
)
S ’ yu Oy ="y (U v Wy - |
0 = F(u,0,0), v : !
w PEP f(u)
y .
y, [ V= ""("'!9!‘")' . y= F(U’H’g))
N ; O ome Full probabilistic knowledge Unknown probabilostic knowledge
iy e Ky — Ly 0.0) ‘;": ,,,,,,,,,,,, § = First type regrsesion + Performance index estimatin
P HUMAN CAPITAL | Al = Second type regression e rameter estimation of the probability
§ § i ||u;m-ucsv oy ek § é Wro:law Urgversity of Technology tribution
P > T Project umH e e L B Rs Soasl B « Probabilit ditribution estimatoin
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Thank you for attention
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