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Jerzy Swiatek
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Choose youyself and, wew technologies

L.4. Model based decision making
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Model in the systems research

Effect:
_ - New knowledge,
uyrt)r?g:fss'zlgorithms N piam
e , : . -
- Projects - Review New contalers,
- Management -Measurement and
- Control - diagnostic devices.
- Diagnosis
X
Identification
plant
Experiment Data
Goal:
- investigation, Y
- project, _
- management, [ Modelr Comparison
- control,
- diagnosis,
Adaptation [
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Plant in the class of model

Choice of the best model

y=o(u,6y)

D
N H, Identification | Yo * * .
t u . _ S — g, — (9 ):mln (6)
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m . Y 5
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In Yn = F(Un,g), ¥ .6) UN _[ul U, UN]’
i n=12,...,N y=rl) _ Yy = [yl Y> yN]
S (&= Fluo) Y Optimal model for:
! ) Yy =F (U N ,6?) - *  Given measurements sequences
Z v 3 of 7iNZ=®f e Klass of models
| _ -1 N N 1 . . :
z | 0=F (U NN ) = %N (U NS YN ) R Given performance index
n : " ey
y n 1‘:‘ i, [ [ i “
o, z, Methods: vy ,
= Least square
y . W = Maximum y
) F(M,B,a)) S . h(y,z) o Ilkellhgod o
L = Bayes’a Efu-u
)
> ’ yw Oy ="y (U o Wi - |
0 = F(u,0,0), v u "
w w=w, f,(u)
y
g, [T Ly =Flao,w) . y= F(u,H,a))
9 S = . . o Full probabilistic knowledge Unknown probabilostic knowledge
Sofey ey g00) ! = First type regrsesion + _Performance index estimatin
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Example of decision making

Decision: workloads of power plants

/ \ \ Images:
http://ziemianarozdrozu.pl/encyklopedia/67/hydroenergetyka

» http://kresy24.pl/showNews/news id/5871/
http://windy-future.info/2009/10/13/large-wind-turbine/

hydroelectric plant nuclear power plant wind turbine Given parameters:
X(l) X(2) X(3)

C,,C,,C; —unit costs of workloads

Objective is to minimize overall costs: F(x,x®?, x®) = ¢ x¥ +¢,x? +¢,x®
Constraints:  —demand must be met: x® +x® +x® >z

— energy production capabilities are limited: 0 < x" < a,, =123
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Basic ingredients of optimization
task formulation

x@

(2)
X
Decision variables: X=| Objective function: Yy = F(X)

_X(S)

Set of feasible decisions (commonly defined by variables domain and constraints):

X €Y

Optimization task: X" — F(X")=min F(x), x" —optimal decision

X" €Y

min F (x) = —max(— F(x))
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General classification of

optimization tasks
Unconstrained optimization: X () =0

G =R°

x(

1)
Optimization under equality constraints: ‘¢

G ={xe R 1, (x)=0,0,(x)=0,...,p, (X)=0,L < S}

X(Z)A
Optimization under inequality constraints:

9 :{XE@S (X)) £0,p,(X)<0,...,w, (X)SO}
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Analytical methods

* Unconstrained optimization

* Lagrange multipliers method — equality
constraints

 Kuhn-Tucker conditions — inequality
constraints
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Numerical methods

We only use information about values of objective function F(X) for a given value of X .

VAR VARV ARY

F(%,) > F(x) > F(x) > * - >F(xy) = F(x")

The general idea behind numerical methods.

X @
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Common types of optimization
tasks

* Linear programming

Decision variables: X € 7, ¢ R° C,
T : C,
Objective function: F(X)=c X = ZCSX(S) C=| .
s=1
Constraints: ) ) | Cs | D
al(1) bm
T (2)
o (X) =3/ x—a, =0, T V() =byx=fy <0y by
1=12,...,L R m=12,...,M :
(S)
_aI(S)_ —bm -
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Common types of optimization
tasks

e Quadratic programming

. . . S
Decision variables: X€ Y, c R

Objective function: F(X)=x"Ax+b'Xx+c AcR> beR®, ceR
Constraints: L
_dl(l)_ er(nl)
p()=dix-e, =0, |d? va()=ex=4, <0, _|e
e | — .
1=12,...,L | : m=12,...,M :
de e

HUMAN CAPITAL " - ooy
HUMA - BEST INVESTMENT! Wroclaw University of Technology
Project co-finz y the EU European Social Fund



@ Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Common types of optimization
tasks

* Linear-fractional programming

. . . S
Decision variables: X€ Y, c R

a'x+b S S
Objective function: F(X)=— ; acR, beR, ceR,deR
C X+
Constraints: - _
i pl(l)_ O
(2)
?, (X) = pITX_aI =0, . p|(2) Y (X) = q;x_ﬂm <0, q, = U
1=1,2,...,L =l m=12,...,M .
| O |
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Common types of optimization
tasks

* |nteger programming

Decision variables are discrete: 9 =) N {X(S) e¢,s=12,..., S}

X X

x (2
\\\\( L Special cases
// \ XE D) ={X, Xy, rur Xy |
yat )/// ~ XE@TZ{X(S)E{O,l},SZLZ,...,S}

»
L
ME
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X' = F(x,w)= min F(x,w) ???

xeD, (@)
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Multiobjective optimization

X —vector of decision variables

Fl(X), F2 (X), cee FM (X) — performance indices

A J
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Dynamic optimization

Dynamic process: Ynu = P(yn , Xn) n —time step

X, — decision made at n-th time step

Yy, — state of the process at n-th time step
XN

.. 15 Saving Tips by
y2 yN yN +1 RateCatcher.com

The proble is to find optimal sequence of decisions:

*

Xor Xg yeevy Xny s

for which Q(Xo,xl,...,XN) is minimal.
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Mathematical preliminaries
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Mathematical preliminaries

Optimization problem: X" — F(X") = miyn F(X)
XeY,

FA
Local minima: V__ 3 )F(X*)<F(X)

e>0"xeO(x" ¢

/

local
minima

global

/ minima
X

Global minima: V,_,, F(X") < F(X)
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Mathematical preliminaries

Convexset: V, _,AX+(1-4)x,e€Y, Ae<0l1l>

— convex set I — honconvex set

Convex function:

F(Ax +(1—A)X,) < AF (%) +(1—)F(x,), 1e<01>
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A

Pseudo-convex function:
Following the Taylor’s expansion of a function, we have:
F(X) = F (%) + (X = %) T [V, F (%) ]+ O, (|x = %, )
(x=%) [V,F(x)]=0 = F(x)>F(x,)

=
S|
o
<Y

Quasi-convex function:

9 = {X €Y :F(x)< a} — convex sets

><V
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Mathematical preliminaries

XA

[~ ] /\ ~N LN LN /,\' ~ AN \ t s

oF LA

(1) L \/\//\ ~ o

8X e ‘\//‘\ RSN . . PR
OF Rl e \/ < .

. , ] N

a:F pe —(- 1 N s
— - A T < _/\(-"/\
S) - X - L__L_/.Arﬁ/\\ S
| OX™ oo AN NN
@
0°F 0°F 0°F
6(x(1) )2 oxWox? oxWPox®
0°F 0°F 0°F
H L] 2 o o0 —_—
Hessian: H(X)=V2F(X)=| ox@ax® a(x(z))z ox@ax(®)
0°F 0°F 0°F
xOx®  xCox®@ 5()((5))2
i H,E,“Mﬁg .,c,.,LAgPM'J:]AL Wroclaw University of Technology mg)g‘;g
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Mathematical preliminaries

Hessian properties:

o°F  O°F
oxMax D N ox ax ™

— H is symmetric matrix

If V. X'Hx>0 then H is positive definite

X#0g

If V. X Hx<O0O then H is negative definite

X#0g

If V. X Hx>0 then H is positive semidefinite

X#0g

If V. .  Xx'HX<0 then H is negative semidefinite

X#0g
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Sylwester criteria:

H = [hij ]i=1,2,...,S - Hess matrix
j=1,2,...,S

f  Vs=12,..S det(H,)=det [hij |, .|>0  thenmatrixHis positive

g definite
i=12,...,

_ .. i h iX H i

Je{ilfizi""is} definite

Eigen values of matrix H
det(H—-hl)=0 h,h,,...,h; - Eigen values of matrix H
If Vs=12..,S h;>0 then matrix H is positive definite
If vVs=12..S h >0 then matrix His semipositive definite
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Vs=12,..5 det(H.)=det|[n]., ,[>0

j=1,2,...,s
(hi1! hipi hy3 his !
ha1 hzz: h23 P hzs;
H = |hjjliz1,2,-5 = |31 Rz has . has
i=1,2,-5 |ror -t o
Lhgy hsp  hg3 * hggil
i HUM,_A?S CASPITAL Wroctaw University of Techno!r)g! mg)ﬁ_mmo
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V iy, i be 2,8} det| [y o o [20

iy, s

hi1 hiz  hgg
For example {iy,i,,is} =1{1,3,5} det ([hij]i=1,3,g) =det|hs; hz3 hss|>0
(=13, hs1 hgz hgs
hiy hip hi3 hqsT "hy1 hyy his hig
h21 hzz h23 hzs h21 hzz h23 hzs
H = [hij]i=1,2,---,8 =\|h3y h3p hzz3 - hgg hsy hs, h3zz3 - hsg
=128 | r 1w : P
lhgy hgy hgs  hggl | hgy hs; hg3 - hggl
i HUMAN CAPITAL T— ——

t financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Unconstrained optimization

Optimization task: X" — F(X") =min F(x)
=

Assumption: F(X) is continuous and differentiable.

Necessary condition for X" to be local minima:  V_F(x") =0,

If F(X) is convex function, then above equation is sufficient condition for X" to be

global minima. =N

V><
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Unconstrained optimization

Second order conditions of optimality:
If H(X") is positive definite at X™ then X" is local minimum.
If H(X") is negative definite at X" then X" is local maximum.

If H (X*) is neither negative semidefinite nor positive semidefinite at X
then X" is not optimum.

If H(X") is positive (negative) semidefinite and not positive (negative)
definite, optimality of X" cannot be determined.
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Example 2.1.1

F(x®,x®@) = 5(x®)” + (x@)* — 4xDx@ — 25D 4 3

—aF(x(l),x(z))-
1) +(2) _ ax® _ [10xW* — 4x@* — 2] _ 0 (1)
VxF(x X )|x=x*_ OF (xW x@) _[ 21 (2)% _ 5 (1) (2)
axtz) dlxy=x*

z (2) » x@)* = 2x (D=
7z (1) » 10xW* —8x(W* =2 5 x(W* =1 x@r =2 ,* = [1]
10 —4 2
H(x) = VxxF(x(l),x(z)) = L4 2]
10 4

detHllzdet[4 5 =20—-16=4>0
Matrix  H(X) 4 Iis positively defined then point X" is minimum
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Example 2.1.2

o F(xW,x@) = oc(x(l))z + (x(z))z — 4xMWx @) 251 43

(OF (x(D,x(@)]
i (1) +(2) _ ax@® _ [20x®* — 4x@* — 2] _ [0] (D
0 VxF(x »y X )lx:x* 6F(x(1),x(2)) [ zx(z)* o 4x(1)* 0 (2)
| ax(z) ] P
oo 7 (2) » x@F = 25 -1 ]
(D _ gy (D — (D = L @+ _2 a—4
oz (1) > 20x BxV =20 = — = aF L x* = 5
200 4
s H(x) = VxxF(x(l),x(z)) = LL 2] La — 4
7o detH;; = det[2a]l =2a>0->a >0
so detHy; = det[24oc ﬂ =4a —-16>0->a>4
For a > 4 matrix H(xX) Iis positively defined then point |_1 |- minimum

X =

OPEAN

R | R
| [
= -
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Example 2.1.2 c.d.

For a > 4 matrix H(x) is positively defined

1

a—4
2

a—4

Point x* = IS minimum (a #+ 4)
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Example 2.1.3

o F(x) =xTAx+bTx + ¢

A — symmetric matrix, pos-itive define
'an A1, 7 a1s
A1 A9y 7 s
o A = [ai]-]i=1’2,...,5 = . . .
i=1,2,+,S

g1 Qg2 -+ Qgs

(1) by

sz; bl S — dimensional vectors
5 X = X. p b= :2 p

1 (S) b,

0 Ve F (%) |y = Ve (xTAx + bTx + ¢ )| yzpr = Og

European Social Fund

Project co-financed from the EU
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Example 2.1.3 c.d.

(a11 Q12 ais’
a a dzs
o xTAx = [x®  x@ MOl :
| ds1 Qg2 Ass .
o XTAx = 12 _1 Qi x (D5 (U)
A(xTAx)] T o s < N
dx (1) JeY) (Zi=1 Zj=1 aij x ")xm)
ATAx)| [0 _rys ys o (D,0)
o Ve(xTAx) = | 9x@ | =[x® (Zi=1zj=1aux x())
HUMAN ChPHA %A d S S . i 1 j

()

@

| x (S)
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Example 2.1.3 c.d.

6 - - —
ox (1) (Z.lS:l Z§=1 a,;j x( l)x(]))
o S S . .
oD VX(XTAX) —_— ax(z) (Zi=1 Zj=1 aij x( l)x(]))

o . . .
PHG) (i1 z:}"T=1 Ajj x ¢ ")xo))_

_Z?::l aljx(j) + X1 a1 x®]

'S _ (N . S _ (0
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s o i )
j=1a1;xY >ioqagx®
S .~ U) S . (i)
2% Vx(xTAx) — j=142;X + i=1di2X
S ] S i
| Zij=1 aij(J)_ |37, as1x®
?x(xTAx) = o o o ]
a1 Qiz A1 [xD] [a11 a2z As1] [ D
azq1 QAz>2 @25 |@ |21z a2z asz | | x@
las1 Qs assllx®)1 lLlas,y as2 Assl Lx (S
Vie(xTAx) = Ax + AT x
A= AT Ve(xTAx) = 2Ax
i HEMM_.A‘]?T&LAS:!I]AL Wroclaw University of Technology mggu'mo
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Example 2.1.3 c.d.

(1)
s> bTx=[b; b, -+ bg] x(:z) :Zf=1bix(j)
(S

axa(l) (Z§=1 bix (]))_

0 S '
29) Vx(bTx): 0x(2) (Zi=1bix(1)) — bz =b

2 (B8 bix ).
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Example 2.1.3 c.d.

o Ve(xTAx + bTx + ¢ )|y=x = 2Ax* + b = 05
s X = —lA_lb
2

woHXx) =V, (xTAx + b"x+¢) =V, (2Ax + b) = 24

Hess matrix is positively defined because
matrix A is assumed to be positively defined

HUMAN CAPITAL [ v
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General classification of

optimization tasks
Unconstrained optimization: X () =0

. G =R
X(1)
Optimization under equality constraints: ‘a
G ={xe R 1, (x)=0,0,(x)=0,...,p, (X)=0,L < S} ‘

X(Z)A
Optimization under inequality constraints:

9 :{XE@S (X)) £0,p,(X)<0,...,w, (X)SO}

HUMAN CAPITAL ] . -
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Analytical methods

* Unconstrained optimization

* Lagrange multipliers method — equality
constraints

 Kuhn-Tucker conditions — inequality
constraints

HUMAN CAPITAL @ oy
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Optimization under equality
constraints

Optimization task: X" — F(X") =min F(x)
=

G ={xeR*: 9,(x)=0,0,(x)=0,...,0,(x) =0, L<S |

(2,

»

X @)
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Optimization under equality
constraints

(2)
X Locally optimal solution satisfies

A

— V,9(x)

B condition:
--------------- V. F
* V,F(x) V. F(X)+AV,p(x) =0
where
p(x)=0 A e R —Lagrange multiplier

For multiple constraints:

V) + Y AV 0,0 =0,

»

I x®
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Optimization under equality
constraints

* The method of Lagrange multipliers

Lagrange function: A [ (X) ]
L T |4 | P2 (X)
L(x,2) = F(x)+ > 49, (x) = F(x)+ 2 p(x) A=l o=
— ; :
Necessary conditions of optimality: A Lo (X) ]

V.L(x,2),. . =0s
VAL(X,/"L)\X*,Z* =0, Ifandonly if rank G(x) =rank [G(x) : -V, F(x)]
Where: G(X)=[VX(01(X) D Vo, (X) e Vx(DL(X)]
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Optimization problem under equality constraints
Lagrange’ a multiplayers metod
The above system of equation may have several solutions

Second order nesesery conditions:

let: HL(X)Z VXXL(XJ,)
If H, (X") Is positively defined in the point X"
then X'is local minimum

i H_(X7) Isnegatively defined in the point x*
then x*is local minimum

|f F(X) is convex function, and constrains are linear one i.e. have the form
@0,(X)=p X—a, =0, 1=12,...,L then the above system of equation
have one solution and it is optimsl point

HUMAN CAPITAL @ oy
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Explanation of necessary conditions

s X1, %3 = F(x1,x3) = inlxn F(xq1,x2)
With constans Lz
P(x1,x2) =0

s> @(x1,x2) = 0 = x5 = PYlxq)
s> X1 — F(x{,ljj(x’l")) = n;in F(xlljj(xl))

dF(x1P(x1)) _ 6F(x1,x2)+6F(x1,x2) dyr(xq) _

o axl axl axz dxl 0
acp(xl’xZ) . . .
o, AWxn) _ 9xq Derived from the unraveling function
T 9xq 9 (x1,x2)
axz

HUMAN CAPITAL [ v
i HUMAN - BEST INVESTMENT! W Wroclaw University of Technology o
Proiect co-financed from the EU E Sraan Carial E

r t financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology | —

at Wroctaw University of Technology

Explanation of necessary conditions

0@(x1,x2)
OF (x1,x2) , OF(x1,x2) 9x1
5O + —3 =0
0x4 0xy @(x1,%2)
6?62
let OF (x1,x2)
— 0x2
A= dp(x1,X2)
6?62

aF(xler)_FA 0@ (x1,X32) -0

29
6x1 6x1

aF(xbxz)_'_x 0@(x1,x2) —0
axz axz

o X = Plxg) = @(xg,x2) =0

%

HUMAN CAPITAL [ s
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Explanation of necessary conditions

L(x1,x2,A) = F(xq1,x5) + Ap(x1,x5)

22D
o aL(xlfoJA) — O — aF(xlfo) +Aa(p(x1!x2) — O
: dx4 dxq Jdxq
Jo aL(lexZJA) — O N aF(lexZ) +Aacp(x1Jx2) — O
B axz axz axz
5 aL(xal;\xz,A) =0 = @p(x1,x2) =0
More general
V,L(X,4)|,. - =0s
V,L(X,4),. - =0,

HUMAN CAPITAL @ v
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Optimization under equality
constraints

(2)
X Locally optimal solution satisfies

A

— V,9(x)

B condition:
--------------- V. F
* V,F(x) V. F(X)+AV,p(x) =0
where
p(x)=0 A e R —Lagrange multiplier

For multiple constraints:

V. F(X) +Z/1VX¢| (x) =0,
I «® V.L (X, /l) ‘
i HUMAN CAPITAL e Uty of o R

-financed from the EU European Social Fund
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Optimization under equality
constraints

 The method of Lagrange multipliers —example 1

x? a

F()=(x®) +(x®

p(xX)=x" +x® -4=0

L(x,A) = (x(l) )2 + (x(z) )2 + ,1()((1) +x® _4)

HUMAN CAPITAL @ s
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Example 2.2.1

o Lo D) = (@) + (x@) 24 Ax® + x@ — 4)

[ OL |
| |z 2x(1) + A lO] (1)
o Bl = |57 =12 T 7\] 2)
ax@)

o L) ===x® 4+ x@) —4 =0 (3)

oz (1) - x<1>= -2, 2z (@) x®=-7

5 Z (3)%(—2)+(— %)—4=0 czyli A=-4
129 X(1)=—&=—i=2, x(2)=—&=_i=
2 2 2 2

HUMAN CAPITAL [ unoPEAN
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Example 2.2.1 c.d.

e 2xW) 42
> TeL(x,A) = |92 =
7 Vy (x,2) oL 2 2) A
| 9x (2]

aZL aZL

925D dxDax(2) 2 0
o HL — Vxx L(x, A) = 692614 xazLx = lo 2

_ax(z)ax(l) mr -

79 detHL11= det[Z] =2>0, detHLzz — lg g]=2X2=4>0
Matrix o l 7 0] Is positively defined
Flo 2

Point

2 IS MIinIMum
EUROPEAN
i i 40t versityofTechnolgy e
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Optimization under equality
constraints

 The method of Lagrange multipliers — example 2 (irregular)

x@ a

F()=(x®) +(x® )

o(x)
o(x) = (x@f —(x® -1 =0 /
PNV Al
ot/ <@
X" = L
L(x,1) = (X(l) )2 + (X(Z) )2 + i((x( ))2 - (x(l) —1)3) 0
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Example 2.2.2
oL = GO + @) AG@)- 60 - 1))

50 VXL(X, 7\) =

S
9x ™ =I2x(1> 3A(x® —1) ] ” (1)
0

ai]fn 2% @ + 2@ (2)

9 2 3
o VoL(x, ) = a—i = (x®@) = (xM-1)" =0 (3)
oz (2) > 2(1+)x@=0 czyli x(@)=0,
w0z (3) > (0)2— (xW — 1)3 =0, czyli x(M=1,
oz (1) > 2x® = 3 (x® = 1)°=2x1-3A(1 — 1)2=2 % 0

. Contradiction

UROPEAN
SOOAL FLUND
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Optimization under equality
constraints

* The method of Lagrange multipliers — example 2 explanation

VL0 A) =V, F )+ 3 4V ,0,(0) = 0,

G =V, () I Vup,(x) o i Vg (X))
V.F(x)+G(x)A=0 G(x)A=-V F(x)
Unambiguous solution exists if and only if rank G(x) = rank [G (x) : —VXF(X)],

which is always true as long as F is convex and ¢, are linear.

How to find irregular solutions?

HUMAN CAPITAL @ oy
i UAUAN DESS ST Wroclaw University of Technology o
Project co-financed from the EU European Social Fund
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Optimization under equality constraints
Lagrange’ a multipliers method
If F(x) is continuous, differentiable and convex function and constraints
(pl(x), @, (x), -y (x) are linear then system of equations:

V. L(x,A)

x* A :OS
V,L(x ). . =0,

has one solution and it si solution of optimization task.

The above system of equations is necessary and sufficient condition for optimal
solution

HUMAN CAPITAL @ v
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Optimization under equality
constraints

* The generalized method of Lagrange multipliers

Generalized Lagrange function:

L(X,4,4,) = A, F(X) +Zﬂ,¢, (X)
Necessary conditions of optimality:
V,L(% 4, %), ., =0s
VLA &), -, =0

HUMAN CAPITAL @ oy
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Optimization under equality
constraints

 The generalized method of Lagrange multipliers
L
VxI—(Xlﬂ"ﬂ‘O) :ﬂ‘OVxF(X)+Z/’{’IVX¢I (X) :OS
=1

L L
10 4, #0 VXF(X)+Z%VX¢|(X)ZOS = V,F(X)+ > AV, (x) =0
=1

1=1 7Y

L
=1V F(X)+ Zilvxgo, (x) =04 We obtain regular solutions.
=1
L
20 2, =0 Z%Vx% (x) =0, We obtain irregular solutions.
=1

Second order condition of optimality requires analysis of H(x,4,4,) =V L(X, 4, 4,).

HUMAN CAPITAL @ oy
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Optimization under equality
constraints

 The generalized method of Lagrange multipliers —

—example 2 once again X 4
F(x)= (x(l) )2 + (x(z) )2 o (X)
p()=(x?) -(x -1 =0 ﬁ
an ,
wl/ <@
1
2o
L(x,4,4,) =4, ((x(l) )2 + (x(z) )2 )+ A((x(z))z - (x(l) —1)3)

HUMAN CAPITAL @ s
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Example 2.2.2
o L(x, ) = A ((x(l))z L (x(z))z) N )\((x(z))z (0 1)3)

[ OL | 5
w LG A) = |28 = 220x ™ = 32(xM) - 1) =lO] (1)
2 20x@ + 22x®@ (2)
o BLED) = 2= (x@)° —(x®-1)" =0 3)
29 Dla A.0=1
For - AL

1) — (1) _
e [ -] g

oL 2@ 4 2@ (2)

ax(z) .
_ - - As before contradiction

EUROPEAN
SOOAL FUND

ar 1 from the EU European Social Fund
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Example 2.2.2
s L(x, D) = A ((x(l))z + (x(z))z) + ;\((x(z))z _ (x(l) _ 1)3)

.
O [220x® =30 (x® - 1)*| 0]
o TN = |9, | = ” 2) = 2) ) =[0] EZ%
el 2 0x ) + 2Ax
o BLExA) =2 = (@) =(x® -1)" =0 (3)
129 Dla )k0= O
For - 5
D| _ [3a(x® —1)°| _[0] (D)
- wen = 7| | {9
0 2
5 A @ (2)

oz (1) >Fhborddd — 1)  M.czlia® = 1, z6m> x@ = 0
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Example 2.2.2

220x® = 3(x® — 1) ]

o VL) = e [

oL
—5 229x ) + 22x ()
0°L 92L
| — _ 92x(1) 0x (1) (2) .
19x(2)gx (D) 92x@

2% — 6A(x™) — 1) 0 [_[o O]
0 2% + 22| L0 21

Matrix H, is semi positively defined then point x = ’(ﬂ - minimum

7D
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General classification of
optimization tasks 1

Unconstrained optimization: 7] = R°

Optimization under equality constraints:

G ={xe R 0,(x)=0,0,(x) =0,...,0,(x) =0, L < S} x4 os K
(x) <0 é
Optimization under inequality constraints: >0
Y, = {XE@S (X)) £0,p,(x)<0,...,,, (X) SO}

()
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Optimization under inequality
constraints

Optimization task: X" — F(X") = min F(x)

=
T, ={xe R V(0 <0y, () <0,y (x) <0}
Wl(x) 8 | B,
v(X) = WZFX) 0,=|.[f{M a-= “2 p=|
. 0 | s | B
L4y (X)_ - i

@Xz{XE@%S :w(x)goM}
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Optimization under inequality constraints

Optimization task

X" — F(X") = m’igr; F(X)

G, ={xe R y,(X)<0,p,(x) <0,...,w,, (X) <0, |

X(Z)‘T w,(X) <0

»
X 1)
HUMAN CAPITAL (3 v
i HUMAN - BEST INVESTMENT! w Wroclaw University of Technology o
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Optimization under inequality constraints

Inactive constraint Active constraint

w(x") <0 w(x) =0

MON MON

x®
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Optimization under inequality constraints

Lagrange function: Kuhn-Tucker conditions m

Lo, ) =F)+u'w(x) < L(Xu)=FX)+D oW (X) Lyt

Necessary conditions of optimality:

V. L(X, y)‘x*’ﬂ* -0,
ILITV/IL(X”U)‘X*,#* = O
v, L(x ,u)‘x*'ﬂ* <0,

al IBl *
>0 .
a, B, H M If solution is regular
a=| | B=|".
O IBS as ,B = vs=1,...,sas < :Bs

HUMAN CAPITAL (3 v
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Optimization under inequality constraints

Kuhn-Tucker conditions

M
VL 1) =V, F(X)+ D 11,V W (X) =0
m=1

'V L) =1y (X) =D, (x) =0

m=1
V,LOG#) = (x) <0,

1 (X) + 1y, (X) +. ..+ iy (X) =0
p 20y

V(X)) <0 Vo, 20
Vbt (X) = 0
VXL(X’,U)‘X*,/; =0,
v (X)) . =0 m=12.. M

. (X)|.- . <0 m=12,...,M

*
/umZO m:1,2,...,M
i HUMAN CAPITAL ot Uty of oy e
Project co-financed from the E
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Optimization under inequality constraints

Kuhn-Tucker conditions
L(X, ) = F(X) + 1 (X)
V,L(X, ) =V, F () + 42,V 0/, (X) = O
1TV L (X ) = i (X) =0
VL 12) =9 (X) <

My 20
M - th inactive constraints M- th active constraints
fn =0y, (x)<0 o >0y, (x)=0
V,L(x, 1) =V ,F(x) =0 V, L(X, 1) =V F(X) + 44,V 07, (%) = O
V, L 1) =y, (x) <0 VLX) =y, ,(x)=0
Like without constraints Like with equality constraints

HUMAN CAPITAL @ v
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Optimization under inequality constraints

Inactive constraint Active constraint

Wn(X) <0 Wn(X)=0

MON MON
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Optimization under inequality constraints

Kuhn-Tucker conditions
L(X, 1) = F(X)+ 47, (X)
V, L(X, £2) =V F(X) + 44,V 07, (%) = O
1V (X, 1) = i (X) =0

VLX) =, (%) £0
>0

U = 0 W, (x) < (0 M -th constraint is inactive

u. >0 (X) =0 m -th constraint is active

HUMAN CAPITAL (3 v
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Optimization under inequality constraints

Kuhn-Tucker conditions
Example 1

F(x)= (x(l) — 2)2 + (x(z) — 2)2
w,(x)=x" -1<0

«@ 4
w,(x)=x?-1<0 \

L(x,i):(x(l) —2)2+(x(2)—2) +y1 (1) +,u2 g f; ; g

HUMAN CAPITAL EUROPEAN
i HUMAN - BEST INVESTMENT! @ Nroclaw University of Technology ST

roject co-financed from the EU European Social Fund
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o LGon ) = (x® —2)% + (x@ — 2) 41, (x® — 1) + pp (x@ — 1)

x D _ |
s otnl I F

£ VxL(.x, IJ. ) - [

2] MT VML(X, M )"‘"

£ VML(X, IJ, ) —

0
0

M1
Ho

IV IV

£ l.,l,=

i HUMAN CAPITAL
HUMAN — BEST INVESTMENT!

(x®—-—1)<o
(x® —-1)<o0

Master programmes in English
at Wroclaw University of Technology

Example 1.

(D)
(2)
p(x®—1) =0 (3)
n(x@ —1) =0 (4)
(5)
(6)
(7)
(8)
Wroclaw University of Technology 500N FA>

t financed from the EU European Social Fund
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Example 1. c.d.

> 19 =0 —1<0??),u, =0(x@ —1<07??),
z (1) - 2P —-2)=0 -x® =2
z (2) > 2(x@ —-2)=0 5> x@ =2
z (5) - (2—1) =1 = 0sprzcznos$é¢ z (5)  contradiction
z (6) > (2 —1) =1 = 0sprzcznoéé¢ z (6)  contradiction

i 29 i >0 (™M —1=07??),u, =0(x@ —1<07??),
z B)->uy(E&x®-1)=0/y > (xP —-1)=0->xM =1
z (1)-»2Q01—-2)4+pu; =0- =2

z (2) > 2(x@ —-2)=0 - x@ =2

z (6) > (2 —1) =1 = 0 sprzcznoéé¢ z (6) contradiction
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Example 1. c.d.

o 3% =0(xM-1<0??),u, >0(xP-1=07??),
z (1) - 2(xW-2)=0->xD =2

z (5) > (2 —-1)=1>0sprzcznoéc¢ z (5) contradiction
z (4) > pp(x@—-1)=0/p; » (x@ -1)=0-x® =1
z (2)»20-2)+p, =0-p,=2

o 4% 1 >0(x®MW—-1=0?22),u, >0(x@ -1=07?),

z (3)->u(x®-1)=0/1 > (xP-1)=0-x® =1
z(1)-201-2)+puy =0-> =2

z (@) ->u(x@P-1)=0/y > (x@P-1)=0-xM =1

z (2)-2(1-2)+p, =0-> 1,2 pgintx* = [ﬂ optimal solution

. . i B . . . . e .
Punkt x = E}Wﬂla rownmq@simwmzamem ania
Project co-financed from the EU European Social Fund
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Optimization under inequality constraints

Kuhn-Tucker conditions

Lagrange’ a function :

M _
L(x, 1) = F() + ' w(X) & L, p) =F(X)+ > prown(X) | 4
= H
where: y=|
Neccesery conditions: :
| Hw ]
Vxl—(xuu) X i = OS
,uTVﬂL(X, ) e 0
vV, L(X, 1) oo S Oy
,u* > OM &> The solution is regular solution
A B ]
a, Ji

o = . ﬂ =
. — z
. MA '( c :> )" < (ﬁ EUROPEAN
ﬁ njgm-ucsv mvﬁglﬁ v s=1,...,S Wrollav§University of Technology R
S Project co-fina E n Social F

-financed from the EU European Social Fund
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Optimization under inequality constraints

. Kuhn-Tucker conditions
Example 2 —irregular

F(x) =(x® - 2f +(x@ ]
p, ()= xP +(x® ~1) <0 4
w,(x)=—x? <0

3

L(x,2) = (x® =2 + (x@ + ,ul(x(z) +(x® -1)

HUMAN CAPITAL (3 v
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Example 2.

o LGop ) = (@ — 2)2 + (x@ — 2)2 + 1y (x(z) + (x® — 1)3) — pyx @

2
o VLo ) = lz(x(l) —2)+ 3, (x® —1) ] _ [8] (1)

2(x® — 2) + 1y — 1y &

(2) W _ 1)3) —

x <+ (x 1 =0 3

25 MTVML(X,]J, )~ Ml( ( ) ) 543

_sz(Z) =0
(2) W _ 1)

ou= M =0 (7)
Hz = 0 (8)

HUMAN CAPITAL [ s
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contradiction

Example 2.

The above system o equation ought to be solved as before. For each
cases it can be shown contradiction.

We will show that solution x = [(1)] which can be notice from graphical
illustratio does not fulfill system of equations

HUMAN CAPITAL @ v
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Example 2.

For we obtain

= Dlax = [1] otrzymujemy _
| 0 contradiction

2(1 —2) +3u,(1 —1)2 = —2 # 0 sprzecznot (1)

G V L =
so VeL(Qx,p ) [ 20—2)+ 1y —pty, =0 (2)
| - @O +@—-13)=0 (3)
(=9 M VML(XJM ) _MZO — 0 (4)
| _lo+a-1n3=<o0 (5)
o VpL(x,p ) = | =0 (6)
e =0 (7)

L, =0 (8)
Rozwigzanie nieregularne Irregular solution
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Optimization under inequality constraints

Feasible directions

d=| 2 —directionin  R°

Feasible directions:

D(X)=1{d e %°:37r x+md e

x@a

x®a
X, =X, +7-d

X
A

Active constraints:

1(x)={mefl,2,..., M}y, (X) =0}

x@a w5(X)

1(x,) =

1(x;) =12, 3}
1(x;) ={1}




r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Optimization under inequality constraints

Kuhn — Tucker rolls
Active constraints — analytical conditions?

D(X)=1{d e %°:3r x+md e |

vme 1(x) X4
tji: Wn(X)=0
X'=x+d e, >0 n(X)<0
W, (Xx') <0
X >
Vo (X) =y (x+1d) =7, () + 1TV, () + O, (Jed) < 0

d'Vy (X)<0 >0

d TVXl//m (X) <0 - analytical condition
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Optimization under inequality constraints

Feasible directions

vd € D(x) AVme I(x)

(),
How to determine the set of feasible directions? ’
Active constraints w.(X)=0
X'=X+11 €Y
W (X')<0 X .
V() =y X+ 2d) =17, (0 + 707V 1, () + O, (Jd]) < O <
d'V y (X)<0

Vd e D(x)AVmE€E I(x) = dTVme (X) <0 -—analytical condition

T(x)={de RV, el(x), d"V,y, (x)<0}  D(x)=D(x)
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Optimization under inequality constraints

Feasible directions
Example

xP -1<0

(2) &
x¥ -1<0 X
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Optimization under inequality constraints

Example 1 Kuhn — Tucker rolls
v, (x)=x® -1<0 x4
w,(x)=x? -1<0 X_H
1

o] ([ 777

T _ | 1 _
d'Vy,(x)=[d, d,] |=1-d,+0-d,<0 = d,<0

10
d'V,y,(x)=[d, d, }:O-dﬁl-dzso = d,<0
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Optimization under inequality constraints

Feasible directions
TF(x)={deR*:V, el(x), d"V,p, (x) <0}

D(x) = D(X) leads toirregular case

x(@) a

F(x) = (x(l) - 2)2 + (x(z) )2
v, (X) = x? — (x(l) —1)2 <0
w,(X) =-x? <0

HUMAN CAPITAL (3 e
i HUMAN — BEST INVESTMENT! w Wroclaw University of Technology o
Project co-financed from the E

roject co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology : . -

at Wroctaw University of Technology

Optimization under inequality constraints

Kuhn — Tucker conditions

Attention: Not all direction, which fulfils condition "y o (X)<0is feasible direction. It
mays generate irregular solution  ‘J(Xx) # D(X)

T(x)={deR*:V, el(x), d"V,p, (x) <0} D(x)=1d e %*:37 x+u e Y

() =x?+(xP -1 <0 y,()=—x? <0 F)=(x®-2f +(x®f

e ] b0

vx%(x>{3<x(”‘1)2 SHRZCEM

ol b -

d’ ~[d d'o—o-d 1-d, <0 d, <0
Vx‘//l(x)—[l 2} 4 = 1 T 2 = = 9 =

T {0 d2:
d sz//z(x):[dli Al 4| =0 dltwd <{9 = 4, 2 O 4. any

HUMAN — BESY INVESTMIEN
-financed from the EU Europear
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Optimization under inequality constraints
Kuhn — Tucker conditions

F(x)=F(x,+rd)=F(x,)+7(V,F(x)) d +03(szH)

If d such that: (VXF(X))T d<0 to F(X)< F(XO) down \
Then

Let us divide set of directions ‘Z/(x) = {d eR*:V, el(x), d' V., (X< O} :

g(x)={d e Vv, el(x), d'Vy, () <OIA(V.F(x)d>0 up /

T(x)={de RV, el(x), dV,y, () <0fA(V,F(x)) d<0 down N\
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Optimization under inequality constraints

Lagrange function: Kuhn — Tucker condNiItions
L(X, ) =F(X)+u"w(x) = L(X, ) =FX)+ > ¢/ (X)
m=1

Kuhna — Tucker theorem — necessary optimality conditions:

If x" is local minimum of optimization problem with inequality constraints, functions
F,¥Y,,¥,,...,'¥,, are continuous and function F is differentiable then there

exists set of Lagrange ,u* such one that together with X" fulfils

Vxl—(xnu) X — OS
,uTVﬂL(X,,u) o 0
VvV, L(X, 1) e S Oy
,U* > OM Regular solution
o X)) ={deR :V, el(x), dVy, (x)<0}(V,F(x)d<0=d
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Optimization under inequality constraints Kuhn — Tucker rolls

Regularity Conditions

1. Karlin: constraints l,ul(X), l//z(X), o Wy (X)- linear

2. Slater: constraints wl(x), v, (X), e Wy (X) - convex functions and feasible set is

not empty
3.Fiacco — Mac Cormica: in the optimal point gradients of all active constraints are linear

independent, i.e.: . .
Vme |(X ) Vme(X XX:X* are linear independent

4.zangwil:  @(x")=D(X")

5. Kuhna — Tucker’a: for each direction d € @(X ) there exists regular curve starting in
the point x* tangent to that direction

e,(9)]
VdeD(x) 3Je(8), 4<[0,1]
. e0)=x o()=|
e e(9)eD, VIel0,1] e‘
. de(g)‘gzo R )

i mg\w-ucsv .%'T.'If“ Wroclaw University of Technology
Project co-financed from the EU E sraan Social E
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Irregular solution - Fiacco — Mac Cormica roll

() =x? + (X(l) _1)3 <0 w,(0)=—x¥<0 F(x)= (X(l) - 2)2 + (x(z) )2

x(® 4
Consrtaintsl | 2 are active

Vxl/ll(X) _ {3()((1) _l)z:l

1

Irregular

) ) m Vawalx)= LO J solution

Gradients of constraints are linearly dependent

In the point x = H Fia_cco — Mac Cormica roll is not
01 fulfilled
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Optimization under inequality constraints
Kuhn-Tucker conditions
Sufficient condition of regularity:

F, WiWoreeaWy — continuous and differentiable

F —pseudo-convex

ViWos--sWym - quasi-convex

V., L(X 1)

u'V ,L(x, p)

VvV, L(X, 1) e S Oy
u >0,

X*”u* — OS

* *:0
X4
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General classification of

optimization tasks
Unconstrained optimization: X () =0

G =R°

x(

1)
Optimization under equality constraints: ‘¢

G ={xe R 1, (x)=0,0,(x)=0,...,p, (X)=0,L < S}

X(Z)A
Optimization under inequality constraints:

9 :{XE@S (X)) £0,p,(X)<0,...,w, (X)SO}

HUMAN CAPITAL ] . -
HUMAN — BEST INVESTMENT! Wroclaw University of Technology
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Optimization under inequality constraints
Kuhn — Tucker rolls

Necessary and sufficient conditions :

If functions F(X), 1//1(X), W, (X), e Wy (X) are continuous and differentiable and
function F(X is pseudo — convex function , and constraints l//l(x), ¥, (X), Wy (X)
are quasi — convex function then system of equations :

V,L(X, p)

ll’lTvluL(X’lLl)

VvV, L(X, 1) o S Oy
p >0,

e = Os

* *:O
X u

Has one solution and it is the solution of the optimisation task with inequality
constraints
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Optimization under equality
constraints

* The method of Lagrange multipliers

Lagrange function: A [ (X) ]
L T |4 | P2 (X)
L(x,2) = F(x)+ > 49, (x) = F(x)+ 2 p(x) A=l o=
— ; :
Necessary conditions of optimality: A Lo (X) ]

V.L(x,2),. . =0s
VAL(X,/"L)\X*,Z* =0, Ifandonly if rank G(x) =rank [G(x) : -V, F(x)]
Where: G(X)=[VX(01(X) D Vo, (X) e Vx(DL(X)]
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Optimization under inequality constraints

Lagrange function: Kuhn — Tucker condNiItions
L(X, ) =F(X)+u"w(x) = L(X, ) =FX)+ > ¢/ (X)
m=1

Kuhna — Tucker theorem — necessary optimality conditions:

If x" is local minimum of optimization problem with inequality constraints, functions
F,¥Y,,¥,,...,'¥,, are continuous and function F is differentiable then there

exists set of Lagrange ,u* such one that together with X" fulfils

Vxl—(xnu) X — OS
,uTVﬂL(X,,u) o 0
VvV, L(X, 1) e S Oy
,U* > OM Regular solution
o X)) ={deR :V, el(x), dVy, (x)<0}(V,F(x)d<0=d
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Saddle point

by L(x,

/(X"u) \ !

L(X*,,U*)S L(X, ,u*) Vx e D(X) c R°
L(X*,,u)ﬁ L(X*,,u*) Vu>0,,
L(x", 2" )= min max L(x, z)

XeD(X) u=0y,

HUMAN CAPITAL @ s
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Saddle point

Point (x*,y*)is the saddle poin (X* e D(x), u=0,, ) &

1. X" —minimizing L(x, x)
2. v, (x')<0 m=12..M
3. 4w, (x)=0 m=12..,M

If (x*,y*) is the saddle point Lagrange’a function L(x, 1) then (X*,ﬂ*) is the solution
of the optimization task:

X" — F(x")=min F(x)
=

9, ={x6@25 1w, (X)<0,p,(x) <0,...,p,, (x)gO}
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Special case

X" — F(x")=min F(x)
=

@Xz{XE?/%S :XZOS,W(X)SOM}

L(x, 12)= F(x)+ u"y(x)

VL) .. 204 VL), . <0
XTVXL(X,,LJ)(X*#* =0 ﬂTvﬂL(x,y)(X*’ﬂ* =0
X" >0, w >0,




@ Master programmes in English
Wroctaw University of Technology i \A/roct -

aw University of Technology

@X:{XE@{S :xzos,w(x)gOM}
L(x, )= F(x)+ 4" (x)
“ey=1x€ F:ylx) <0y, —x <0}

L(x.B, 1) = FO)+uy(x) — p''x

Kuhn-Tucker conditions
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L(x, i, ') = F(x) + uTy(x) —u'Tx

M
VLG 1) = FCO + ) i Vayn () = ' = 0

m=1
'V LCe,puu') =p"y(x) =0
L0k ') = () < O
VeL(x,u,u’) = —x < Og

> 0 =0
U=9Yy, 4t = Ug
HUMAN CAPITAL AL FIND
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Special case

X" — F(x")=min F(x)
=

@Xz{XE?/%S :XZOS,W(X)SOM}

L(x, 12)= F(x)+ u"y(x)

VL) .. 204 VL), . <0
XTVXL(X,,LJ)(X*#* =0 ﬂTvﬂL(x,y)(X*’ﬂ* =0
X" >0, w >0,
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Special case

X" — F(x")=min F(x)
=

P =\xe R :1p(x) =0, w(x) <0, |

L(x, 2, )= F(x)+ & p(x)+ " (x)

VLA ), =08
VAL(x,i,y)(x*’f’ﬂ =0,

,uTVﬂL(X,/l,,u)(X*’f’ﬂ* =
VﬂL(x,/l,y)(X*’f,ﬂ* <0,,
>0
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9 :{XE@S :(D(X):OL’I//(X)SOM}
L(x, 2, 1) = F(x)+ A" o(x)+ 1" (x)
px) =0, =) =0,n—-p(x) <0,

Ty={x€ o) <0,n—p) <0,y(x) <0y}

L(x, N, 1) = FO)+AT ()" @ (x)+u"y(x)

Warunki Kuhna-Tuckera
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MV LGN, w) =AM e(x) =0
NV LG, M, W) = =) o(x) =0
W VLA, 0) = py(x) =0

AL, LA, 0) = o(x) < 0y
VL, A, ) = —@(x) <0
VLo AN, 1) = w(x) < Oy

!
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9 :{XE@S :(D(X):OL’I//(X)SOM}
L(x, 2, 1) = F(x)+ A" o(x)+ 1" (x)
px) =0, =) =0,n—-p(x) <0,

Ty={x€ o) <0,n—p) <0,y(x) <0y}

L(x, N, 1) = FO)+AT ()" @ (x)+u"y(x)

Warunki Kuhna-Tuckera
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Analytical methods

Disadvantages
It is hard to apply them if:

F,p,iy arenonlinear
dim(x) is large

They cannot be applied if:
F, @,y are not differentiable

F is not given by formula and it may only be
measured for requested value of X
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Numerical optimization methods

x* = F(x*) = min F(x)

£ @

D

XED,

Analytical methods has drawbacks,

when:

1. The goal function F and constraints
@, are nonlinear.

2. Functions F, ¢ and ) are non-
differentiable

3. Mathematical formula describing
functions F, ¢ and Y is not available,
it can only be ,,measured”

4. Large dimension of decision variables
vector

EUROPEAN

BE Wroclaw University of Technology gt

financed from the EU Eur

pean Social Fund
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Numerical methods

We only use information about values of objective function F(X) for a given value of X .

VAR VARV ARY

F(%,) > F(x) > F(x) > * - >F(xy) = F(x")

The general idea behind numerical methods.

X @
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Numerical optimization methods

x @)
: HFJ.T_:LM Algorithm
fﬂfilafé?ﬂhhxx\
, [ ESS )

y | AL '/ * Choice of the search
.il x - -
;' G / direction.
| ! . -

| e - * Line search optimization.
-—_— b . -
Xo X4 * Stopping conditions.
\M‘-h"“"-—.__._,\____.—o-'—""'frr’l
d?.
dl

D

X0y X1y eeer Xpy ey Xy = X
F(xg)>F(x1)> ..>F(xp)> ...>F(xy) = F(x%)
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Basis of search directions —
non-gradient methods.

Search directions based on

gradient vectors — gradient-
based methods.

EUROPEAN
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Line search optimization

x (@)
. Xo — initial solution
e ) X1 — hext solution

d — search direction
T — step size

" > F(xog+1'd) = mrin F(xo+ td)
Xo, d — fixed

F(xg+1td) 2 f(7)

e f (r) —asingle variable function
(of the step size 1)

T 5 f(r) = min f()

line search optimization = optimization of a single variable function
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Stopping conditions

IXn41 = xnll < & |F(Xn41) — F(xp)| < 6;

|F(xn+1) o F(xn)l
”xn+1 o xn”

Flx)
x@

Fl -4l

w University of Tc
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/
||xn—xn,-|| < &

Xo,X o — differentinitial solutions
Xp, X', —responding final solutions

@D
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Thank you for attention
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