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General classification of

optimization tasks
Unconstrained optimization: X () =0

. G =R
X(1)
Optimization under equality constraints: ‘a
G ={xe R 1, (x)=0,0,(x)=0,...,p, (X)=0,L < S} ‘

X(Z)A
Optimization under inequality constraints:

9 :{XE@S (X)) £0,p,(X)<0,...,w, (X)SO}
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Analytical methods

* Unconstrained optimization

* Lagrange multipliers method — equality
constraints

 Kuhn-Tucker conditions — inequality
constraints
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Unconstrained optimization

Optimization task: X" — F(X") =min F(x)
=

Assumption: F(X) is continuous and differentiable.

Necessary condition for X" to be local minima:  V_F(x") =0,

If F(X) is convex function, then above equation is sufficient condition for X" to be

global minima. =N

V><
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Optimization under equality
constraints

* The method of Lagrange multipliers

Lagrange function: A [ (X) ]
L T |4 | P2 (X)
L(x,2) = F(x)+ > 49, (x) = F(x)+ 2 p(x) A=l o=
— ; :
Necessary conditions of optimality: A Lo (X) ]

V.L(x,2),. . =0s
VAL(X,/"L)\X*,Z* =0, Ifandonly if rank G(x) =rank [G(x) : -V, F(x)]
Where: G(X)=[VX(01(X) D Vo, (X) e Vx(DL(X)]
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Optimization under inequality constraints

Lagrange function: Kuhn-Tucker conditions m

Lo, ) =F)+u'w(x) < L(Xu)=FX)+D oW (X) Lyt

Necessary conditions of optimality:

V. L(X, y)‘x*’ﬂ* -0,
ILITV/IL(X”U)‘X*,#* = O
v, L(x ,u)‘x*'ﬂ* <0,

al IBl *
>0 .
a, B, H M If solution is regular
a=| | B=|".
O IBS as ,B = vs=1,...,sas < :Bs
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Numerical optimization methods

x* = F(x*) = min F(x)

x@

i g

XED,

Analytical methods has drawbacks,

when:

1. The goal function F and constraints
@, Y are nonlinear.

2. Functions F, ¢ and Y are non-
differentiable

3. Mathematical formula describing
functions F, ¢ and Y is not available,
it can only be ,,measured”

4. Large dimension of decision variables
vector
pacy)
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Numerical methods

We only use information about values of objective function F(X) for a given value of X .

VAR VARV ARY

F(%,) > F(x) > F(x) > * - >F(xy) = F(x")

The general idea behind numerical methods.

X @
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Numerical optimization methods

x32)
| X AN Algorithm
//:——-f--_;z_;ﬂ' \\ 8 _
/T/ - o) ) 1 Xn+1 = l'IJ(-X'TL)PXO
/' /. (x,,// /o lE
A L /]
/ | (f" N el /' * Choice of the search
/ I U / direction.
| |
\ | — sl * Line search optimization.
I e Stopping conditions.
\h“““ﬁ__.__________ﬂ—ﬂ-”"rr’/
d?.

*
X0y X1y o) Xy o) XN = X

F(xg) >F(xq) > ..>F(x,) > ...>F(xy) = F(x")
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Basis of search directions —
non-gradient methods.

Search directions based on

gradient vectors — gradient-
based methods.
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Line search optimization

e
X — initial solution
X1 — next solution

d — search direction
T — step size

" = F(xg + 7°d) = min F (xy + td)
T
Xo, d — fixed

F(xg+1d) £ f(7)

@) f (r) — a single variable function
(of the step size 1)

T > f(r7) = min f(7)

line search optimization = optimization of a single variable function
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Stopping conditions

”xn+1 - xn” <¢g; |F(xn+1) — F(xn)| < 6;

|F(xn+1) - F(xn)l
41 — Xl

Fx)
@

0\ | Fix,- 4

w University of T
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Xo, X' o — different initial solutions
Xn, X' 1 — responding final solutions

@D
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Line search optimization

e
X — initial solution
X1 — next solution

d — search direction
T — step size

" = F(xg + 7°d) = min F (xy + td)
T
Xo, d — fixed

F(xg+1d) £ f(7)

@) f (r) — a single variable function
(of the step size 1)

T > f(r7) = min f(7)

line search optimization = optimization of a single variable function
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Example

Fx) = (x® =2)" + (x@ = 1)", xp= [:;],d _ [ﬂ

(@21
_ N 1] _[-2+1=x*71
xl_x(’”d_[—zlﬂlll_ —2+1*r]

Fxg+1d) =(-24+71-2)+(-2+1—-1)?% =
(t—4)2+(t—3)2 =212 —-141+ 25 2 f(7)

fl(t) =4t"—-14=0
=35

N3 /0

xl_x"”d‘[—2]+3'5*[1]_[1.5
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Reducing the interval of uncertainty

Assumption: T* € [a, b]

f(t)
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T € |a, b
f(t)

f(rg + (n—1)4) > f(ry + nd)
fltg + nd) < f(ryg + (n + 1)4A)
a=1+(n—-1)A
b=1,+(n+1)A

|
- al . L
Tﬂ Iﬂ"'.-'j. T|5.+(n—‘.fj.{". T,_;."'nﬂ'. Iﬂ"'(ﬂ"'f}ﬂ '1'
EUROPEAN
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Uniform search method
f(c)

N = [— — the total number of
the goal function evaluations

For example:

A=b—a =1, =0.01

v=27% - 00
| e | o001

Tg = Qa
Tn—ro+ne

~ T - f(©) = min {f(7,)}

1sn<N
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Uniform search method
f(c)

N = [— — thetotal number of
the goalfunction evaluations

or example:

|
|
i
i ' A=b—a =1, =0.01
i ; =[b_a]=i:1oo
| | £ 0.01
| I T = d
i T, T, .. 1, b T T, =To +

r* ~ 7o (D= min {f(r,)}
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Splitting the section into two parts

f(an)? f(Br)
f(r) f(r)

f(bn)

F-— - - — —— — — —— —_———_—— =

a’"l- a:n lBLn by T aan ay ‘B’; bn T
flan) < f(Bn) flan) > f(Bn)
An+1 = Qn An+1 = An
bpi1 = Bn bpy1 = by

roject co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Dichotomous search method

f(t)
Input data: ag, by, €, 0
f(by) Step O: n=0
i Step 1: Oy = %(an + bn) —0
|
| | 1
i / i ,Bn=§(an+bn)+5
i i Step2: If f(a,) < f(B,) then
AN | Ani1 = n gy = P
| —1 | | otherwise
i if("":f b} L An+1 = An, bn+1 = bn-
“n Un 86 fn b»T  Step3:  If |byeq — Aneq| = €then
1
a,==(a,+b,)—6 n:=n-+1,gotol],
2 otherwise

.Bn:%(an‘l'bn)‘l'd

. 1
T = 5 (an+1 + bn+1) (STOP)
N =?fore=0.01, A=b—a =1
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initial length of interval

[ J
>
S
|
S
S
|
Q
S
I

e A= %AO interval length after one step
1 1)\2 .
e A,= 5A1= (E) Ao interval length after two step
1 1\ N .
e Ay= EAN_l: e = (E) A, interval length after N-th step

* We expect, that after N steps interval lenght will be less then &.
Then the number of steps must fulfil the following condition:

N
Ayv=(5) Bo<e wedivide by A,
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Estimation of steps procedure number

1 N £ .
(E) < ™ log both sides
1n\V £
In (E) < lnA—0 consequently

N In G) < lnAi0 dividing both sides by In G)

Because In G) is a negative number we change sigh of inequality
Then the minimum number of procedure steps must fulfill the following condition:

&
Iz, In0.01 _ 4.605

m% "~ In0s5  0.693

N =

~y
~

Because in each step we must calculate two Times value of function then necessary number
of function calculation is:

Number of function calculation is: = 2N = 14

HUMAN CAPITAL @ oy
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology TR
Project co-financed from the EU European Social F

inanced from the EU European S al Fund



r \ i Master programmes in English
L loelb Ol RO I B ety University of Technology

The y section method

f(T)
Input data: ag, by, €,y
Step O: n=0
Stepl: a,=b,+y(a, —b,)
Bn = an +y(by — ay)
Step2: If f(a,) < f(,Bn) then
An+1 = An, Dpy1 = B,
otherwise
Ant1 = On, bp1 = by
Step3: If|b,41 — au4q| = €then
> n=n+1,gotol,
otherwise
D" t = ~(app1 — bpst) (STOP
bn — an le — an T = 2 an+1 n+1 ( )

an = by + )/(Cln - bn)
f,=a,+vyb,—a, N=2fore=0.01,A=b—a=1
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Estimation of steps procedure number

Ao= by —ay =1 initial length of interval , €=0.01

A= vyA, interval length after one step

« A,=vyA;= (y)?A, interval length after two step

e« Ay=7vAy_1= = (1)NA, interval length after N-th step

 We expect, that after N steps interval lenght will be less then &.

Then the number of steps must fulfil the following condition:

Ay= (1A < € we divide by A,
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Estimation of steps procedure number

. (PN < Ai log both sides
« m(HN <in n— consequently
0
« Nin(y) < lnAi dividing both sides by (n(y)
0

Because ln(y) is a negative number we change sigh of nonequality

Then the minimum number of procedure steps must fulfill the following condition:

Because in each step we must calculate two Times value of function then necessary number
of function calculation is:

Number of function calculation is = 2N
14 =77
i HEMMA}S C,VASP'TAL Wroctaw University of Techno!t)gy m?’,{'f’,—’f,’g
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The golden section method

?an Ian Iﬁn b.‘rt: )/ + y 1 — O
| | | | V5 —
- - 4 | . .
Apn+1 “n+1=? Tan+1 lbnﬂ . i Y = 2 ~ 0.618
An+1 An+1 ﬁn+1=? bn+1

—-a . .
7. Bnrimdnir ¥, which gives
bn+1—an+1

an_an_bn‘l'y(an_bn)_an_bn_an'l'y(an_bn)_l

= = =——=1= y
Bn—an an+yb,—ay)—ay Y(bn — an) 14
2, DntaimCnir _ o \yhich gives
bn+1—An+1
by — Bn _bn_an‘l'y(bn_an) _bn_an+y(bn_an) _1_1 =y

bn_an_bn_bn_y(bn_an)_ Y (by —ay) _V

HUMAN CAPITAL [‘ v
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology sl
Project co-fina

financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

The golden section method

f(z) Input data: ag, by, €,y = Vst

2
Step0: n=20
ag = by +y(ag — bg)
) Bo = ao +y(by — ao)
Step1: If |b, —a,| <e¢, then
= %(an + b,))(STOP)

f(ay,)

|
I
/ | otherwise go to 2
- [ i Step2: If f(a,) < f(B,) then
’
I

e
r -

ff[““) ! Ap+1 = An, bn+1 = ﬁn;
@ f b, 1 Brn+1 = QAn, Any1 = Pn+v(ay — by)
Ap+1 “n-.l-l 3;+1 br:l-l n:=mn-++ 1, go to 1
Unt1 @nt1 Prsy b otherwise
72 +y —1=0 Aptq = O, bpyq = by,
y = \/gz_l ~ 0.618 Un+1 = Pn Pn+1 = An +V(by — an)

n=n+1,gotol
N =?fore =0.01,A=b—a=1

HUMAN CAPITAL @ v
HUMAN — BEST INVESTMENT! Wroclaw University of Technology sl
inanced from the EU European Social F

financed from the EU European Social Fund




r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Estimation of steps procedure number
. (y)NSAi log both sides

e In(y)N < lnAi consequently
0
 Nin(y) < lnAi dividing both sides by In(y) .
0

Because ln(y) is a negative number we change sigh of nonequality
Then the minimum number of procedure steps must fulfill the following condition
In—
¢« N>-—20 nowy=EzO.618
Iny 2

Because in each step we must calculate two Times value of function then necessary number of
function calculation is:

e Iny=[n0.618 =-0.481

&
Iz 1n0.01 _ 4.605

e N>— = = ~ 9578 = 10
Iny In0.618  0.481
e  Number of function calculation is N+1 =10+1 =11
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Quadratic-fit line search method

f(t) q(t) a<b<c
f(a) = f(b)
f(b) < f(c)

q(t) — quadratic-fit function
T* - minimum of the function q(7)

(T) _ f(a)(T — b)(T — C) + f(b)(T — a)(T _ C)

=" a=b@-o (b —a)(b—c)

fe)(t—a)(t—b)
(c—a)(b—20)

_|_

_I_

. 1f(@)(b* = c?) + f(b)(c? = a®) + f(c)(a® — b?)
C T2 F@O-9+fB)c—a) + @@ b)
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Quadratic-fit line search method

f(r) b, <t f(r). T, < b,

|

i a a

| : |

| | | | |

| | | | l

' | | | |

: | | | :

| | | | | | |

L : ! : | I

dn E‘n 'E;t C"n T an f;‘t E‘n cn T

f(by) = f(z7) f(by) < f(zn) flbn) =2 f(tn)  f(bn) = f(T0)

An+1 = by An+1 = Qn An+1 = An Apt1 = Tp
bpt1 = Tn bpi1 = by bp+1 = Tn bp+1 = by
Cn+1 = Cn Cnt1 = Tn Cn+1 = bp Cn+1 "= Cn

*

|Cn+1 - an+1| <Eé& T="Tp41
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Quadratic-fit line search method

Input data: ag, by, Cg, €
Step0:n =20
1 f(an)(bi—cf)+f (bn)(ci—af)+f (cn)(afi—b7)

2 flan)(bp—cn)+f(bp)(cn—an)+f(cn)(an—byn)
Step 2: If b,, < T, thengo to 3

otherwise
If f(bn) = f(zy) then apyq = ap, bpyq = Ty, Cpyq = by, gOto 4
otherwise a,,11 = Ty, by41 = by, Cpy1 = ¢c, goto 4
Step 3: If f(by) = f(Tp) to @yt = by, bpyq = Tny Cpyq = Cp g0 t0 4
otherwise a, .1 = a,, byy1 = b,, Cpy1 =T, 80104

Stepl:7,, =

Step 4: If |cpy1 —Apy1l = ethenn:=n+1gotol

otherwise 7 = %(anﬂ +c,+1) (STOP)
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Line search using derivatives

Tn+1 = Tn — anl(tn) Yn > 0,7 tc)
limy, =y 2 Yn =
n—->0o -

e.g. |tn41 — 7ol < €& (STOP)

To

Ty = To — Yof (7o)
T, =Ty —V1f (7)) = 70 —vof (to) —v1f ' (71)
Tne1 = Tp + an,(Tn) = =T — )/Of,(TO) — Vlf’(Tl) — an’(Tn)

Ts1 = 7ol = | Z nef ' (@] < Z relf' @)l < max I () Z Ve

e

M ﬂ N EUROPEAN
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Line search using sigh of derivatives

Tn+1 = Tn — Upsign[f'(zy)]
Yof ' (Tn) = vulf (T)| * sign f'(z,) = 9, Sign[f,(Tn)]r where 9, = y,|f' (7))
9, >0

lim 9,, = 0, because lim |f'(t,)| =0, lim y,, =y
n—oo n—>0o

n—0oo

Zﬁnzoo lim ﬁnzrlli_r)goynlf’(fn)l =0

n— oo
n=0
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Bolzano method

fz)

fz)

sign a,, # sign by,

an %(u,, + by) bn T

1 1
sign f'(an) = signf'(; (an + bn)) f’ (E (an + bn)) =0

1
An+1 = E (an + bn)

bny1 = by

i HUMAN CAPITAL
HUMAN — BEST INVESTMENT!
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f(z)

an %(u,, + by,) bn T

sign f'(bnl)
= Signf’(z (an + bn))
Ap+1 = Qn

1
bpyq = E (an + bn)
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Newton’s method

f@)

f(r)

q(t)

To
f'(Ty)
TTl+1 = TTl - f”(T )
n
Tne1 — Tnl < € (STOP)

|
|
|
|
|
|
|
|
|
+

T'U T T

1
f(@)=f(ro) + (t —10)f'(70) + > (T —10)*f" (19) + 03(IT — 7o)

\ J
|
q(7)
q’(T) =f’(T0)+(T*_T0)f”(T0) =0 =1

(@)
TS
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Thank you for attention
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