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x*—>F(x*,a)): min F(x,m) ???
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The choice of variant

Let us consider an example:

The network of I mines to be modernized is given. There are J variants of
modernization, each involving costs ¢;; if i-th mine is modernized by j-th
variant (i = 1,2,...,I, j=1,2,...,]). Each mine’s spoil is u;j - if i-th mine is
modernized by j-th variant. Contamination of each mine’s spoil is

z;j - if i-th mine is modernized by j-th variant. The task is to assign variants to

mines in such a way that total spoil do not fall below u, contaminations of spoil
meet the requirements of the market (defined by the upper limit z) and total
costs are as small as possible.
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Decision making under uncertainty

|
F(x,c)=>"> cix;
i=1 j=1
X.. - decision variable
J |
DX > U
. i=1 j=1
1 - i~th mine modernized by j-th ]
X.. =X variant -
ij z X<z 1=12,...,1
kO - otherwise ; U
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Decision making under uncertainty

{Qij,gij,;ij 1=1...,1,]=1...,J }z @ - uncertain (random) variables

F(X’Q):iigijxij = F(X,a_))

i=l j=1

| J

D2 UyX; > U

i-1 j-1
izijxij <7 i:]_’.“’ |\ = @((Q):{XEQS;QI(X’Q):O, I :1,..., L,
= v (x,@)<0,m=1...,M)
J
dx;=1 i=12,..,1
-1

J
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% =El9(e)]=

= {xe_@zs; E[go,(x,g)]:o, 1=1,..., L, IZ_)[wm(X,Q)]S 0o,m=1..., M}

X" = F(x")=min F(x)

xeD,
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Decision making under uncertainty

@ - value of random variable @

w € () -acontinuous set,

f (a) - probability density functions of random
[0} .
variable o

Then:  F(x)=E[F(x,0)|= j F(x,0)f (0)do

% =El%(0)]= {Xe@s: Elp(x.2)l= [ o (x )i, (@do=01=1.,L
I;:)[wm(x,a_))]:Iwm(x,a))fw(a))da) <0,m=1..., M}

Q

HUMAN CAPITAL @ oy
i UAUAN DESS ST Wroclaw University of Technology o
Project the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Decision making under uncertainty

@ - value of random variable @

a)eﬂz{a)l, @y, ..., a)K} - a discrete set,

P(Q :a)k): P, k=12,...,K - probability density functions of random

variable @
then:  F(x)= E[F (x a)]- Y. F(xan )
7~ (o)= [x <" Elaol-3 aa)p =01 1. L
STNCH0 B WACTALELL RS
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Decision making under uncertainty

The problem of newspapers vendor.

A newspaper vendor makes an order for bundles of 40 newspapers. Quantity
price of one newspaper is 0.80 euro, and vendors sells it for 1.10 euro. Demand
for newspapers @ is random variable. The ,bad day” sale @, =50 newspapers,
the ,moderate day” sale @, =100 newspapers, and the ,good day” @, =150
newspapers. Probability of the , bad day” is P(a_) = a)l) =p, =0.26, of the
,moderate day” is P(Q = a)z)z p, =0.40, of the ,good day” is
Plw=a;)=p,=0.34.
Decision variable x is the number of bundles the vendor should order.

x=1,2,3,4,..7
n‘a'l EUROPEAN
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Decision making under uncertainty

The goal function: F(X,)—{ 40%0.30 T 0x<o

 |®x0.30-(40x-@)x0.80 if 40x>w

Value of the goal functionforx=1,2,3i4

x=1

12 12 12
x=2 -9 24 24
x=3 -41 14 36
x=4 -73 -18 37
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x=1)=E[F(x=10)]=12x0.26 +12x0.4+12x0.34 =12

k

(

F(x=2)= E[F(x 2,0)]=-9%0.26+24x0.4+24%0.34 =15.42
(x=3)= E[F(x =3,0)]=-41x0.26 +14x0.4+36x0.34 =7.17
F(x=

1)=E[F(x=1®)]=-73x0.26 -18x 0.4+ 37x0.34 = -13.6

=

pp1 =026 p; =040 p;=0.34

12 12 12 12
X=2 9 24 24 [N
x=3 41 14 36 7.17
x=4 73 18 37 13.6
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Decision making under uncertainty

The cautious vendor suppresses profits and exaggerates losses

10xF(x,@) if F(x,@)=0
F(X’Q):< (@) e ey )<
10

- -

34.64 34.64 34.64 _

x=2 -8.1 48.99 48.99 34.15
x=3 -168.1 37.42 60 -8.34
x=4 -532.9 -32.4 60.83 -130.83
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Decision making under uncertainty

The , risk-taking” vender exaggerates profits and suppresses losses

-

Fa| g T Pl
\—10><\/—F(X,a_)) If F(X,Q)<O

- -

14.4 14.4 14.4 14.4
X=2 30 57.6 57.6 34.82
X=3 -64.03 19.6 129.6 -

x=4 -85.44 -42.43 136.9 7.36
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% =El9(e)]=

= {xe_@zs; E[go,(x,g)]:o, 1=1,..., L, IZ_)[wm(X,Q)]S 0o,m=1..., M}

X" = F(x")=min F(x)

xeD,
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A GAME-THEORETIC APPROACH
TO DECISION MAKING
UNDER UNCERTAINTY
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A game against nature

A farmer examines the possibility of growing 5. different types of corn. The size
of each grain yield depends on weather conditions. In terms of humidity year may

be dry, normal or wet. The table below presents expected yield for different
weather conditions.

(o{0]gg]

drought normal rain
1 8 10 12
2 10 11 7
3 9 13 8
4 11 10 6
5 10 10 9
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A game against nature

The min — max rule.

Analyzing the subsequent rows of the matrix we find the maximum revenue that may
be achieved for successive states of a nature. We make such a decision, for which
the maximum revenue is the smallest. In case of ambiguity, we recommend all the
decisions for which the above condition is satisfied.

Type of Weather conditions
corn drought normal rain

1 8 10 12 12
2 10 11 7 11
3 9 13 8 13
4 11 10 6 11
5 10 10 o N < min
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A game against nature

The WALD’s (max — min) rule.

Analyzing the subsequent rows of the matrix we find the minimum revenue that may
be achieved for successive states of a nature. We make such a decision, for which
the minimum revenue is the greatest. In case of ambiguity, we recommend all the
decisions for which the above condition is satisfied.

Type of Weather conditions
corn drought normal rain

1 : 10 12 :
2 10 11 7 7
3 : 13 : :
4 11 10 6 6
5 10 10 o I < max
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A game against nature

The max — max rule.

Analyzing the subsequent rows of the matrix we find the maximum revenue that may
be achieved for successive states of a nature. We make such a decision, for which
the maximum revenue is the greatest. In case of ambiguity, we recommend all the
decisions for which the above condition is satisfied.

Type of Weather conditions
corn drought normal rain

1 8 10 12 12
2 10 11 7 11
3 9 13 s N < max
4 11 10 6 11
5 10 10 9 10
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A game against nature

d; - the minimum profit for i—th row

Ai - the maximum profit for i—th row . —a. (1—

y - confidence f%ctor Hily)=a 7 +All=y) relo]
The Hurwitz rule.
Analyzing the subsequent rows of the matrix we find the minimum and the maximum
revenue, i.e. values 4 A, and value of the function H;(y) for a given y. We make
such a decision, for which the value of the function H;(y) is the greatest. In case of
ambiguity, we recommend all the decisions for which the above condition is satisfied.

Type of H()
corn drought normal rain y=05
10

1 8 10 12 8 12
2 10 11 7 7 11 9
3 9 13 8 8 13 R < max
4 11 10 6 6 11 8.5
5 10 10 V9 9 10 9.5
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A game against nature

Hi(y)=a7+Ald-») rel0,1]
(7)=max{H, (»)}

H
Hs(7)=9y+10(1-y)
H

s ;(7)=8y+13(1-y)
Hy(¥)=8y+12(1-y)

H,(y)=7y+11(1-y)
v H,(y)=6y+11(1—y)
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A game against nature

The Laplace rule.

Analyzing the subsequent rows of the matrix we find the expected revenue,
assuming that successive states of nature are equally likely. We make such a
decision, for which expected revenue is the greatest. In case of ambiguity, we
recommend all the decisions for which the above condition is satisfied.

Type of Weather conditions Expected
corn drought normal rain revenue

1 8 10 BT < max
2 10 11 7 28/3
3 9 13 8 DT — moax
4 11 10 6 27/3
5 10 10 9 19/3
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Two-person zero-sum game

A GAME-THEORETIC APPROACH
TO DECISION MAKING
UNDER UNCERTAINTY
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Two-person zero-sum game

Two-player zero-sum game

Payoff matrix of player A: Payoff matrix of player B:
Aq a1y Az . Aum e Ay
AZ a,1 0aAyy e Aom .. QAopm
A, Apn1 Apnz - Aum - Qpum A, —QAp1 —Apz - NApym - —Anu
AN an1 Aan2 o Anm o AnMm AN —an1 —Aapn2 e —Anm - ANMm
Player A aims to maximize revenue Player B aims to minimize losses

Usually the payoff matrix of player A is presented
5 r‘t’m ,‘C,AQPMILAL Wroclaw University of Technology )C(U;O:x: m
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Example

Two candidates A and B compete for a parliamentary seat in an electoral district.
They have to make decision concerning to carry election campaign in the last
weekend before the election. Each of candidates can spend one day in the city M,
or M,. They consider (independently) three possible strategies :

A4, B; — tospend one day in both cities M, i M5,

A,, B, —tospendtwo daysin M,

Az, B; —to spend two daysin M,.

If candidate A chooses strategy A4, and candidate B — accordingly chooses strategies
B1, B, or B3, then candidate A may expect gain of votes by 1%, 2% or 4%.

If candidate A chooses strategy A,, and candidate B — accordingly chooses strategies
B1, B, or B3, then candidate A may expect gain of votes by 1%, 0% or 5%.

If candidate A chooses strategy A3, and candidate B — accordingly chooses strategies

B1, B, or B3, then candidate A may expect gain of votes by 0%, 1% or decrease by
1%.
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Example of payoff matrix

Two-player zero-sum game

Payoff matrix of player A: Payoff matrix of player B:

m By B, B m B, B, B;
Al 1 2 4 A1 _1 —2 '4
4, 1 0 5 A4, -1 0 -5
A; 0 1 -1 A; 0 -1 1

Player A obtains revenue at the expense of player A and vice versa,
hence the sum of payoff matrices of players A and B is zero matrix.
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Two-person zero-sum game

Two-player zero-sum game

Payoff matrix of player A: Payoff matrix of player B:
Aq a1y Az . Aum e Ay
AZ a,1 0aAyy e Aom .. QAopm
A, Apn1 Apnz - Aum - Qpum A, —Ap1 —Apz N Aum - —Any
AN an1 Aan2 o Anm o AnMm AN —an1 —Aapn2 e —Anm N " ANvMm
Player A aims to maximize revenue Player B aims to minimize losses

Usually the payoff matrix of player A is presented
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Decision making using game theory

* Typical approaches to game solving
— determination of saddle point
— removal of dominated strategies

— determination of mixed strategies for:
* N=2 and M=2
* N>2 and M>2
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Decision making using game theory

Two-person zero-sum game
Saddle point: max min a_ #?= Min max a,,

1<n<N 1Im<M 1<n<N 1<m<M

m------
B, B, .. B, .. By
Aq

A, Gy Qny . - B N « Max min a,,
Ay ay1 Qayz - Aym - QAnum
max
min max a, .

1<n<N 1I<m<M
' ' a 'l — - — - EUROPEAN
i syt Wroclaw University of Technology S m
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Decision making using game theory

Two-person zero-sum game
Saddle point: max min a. = min max d., =190

1<n<N 1<m<M —  1<n<N 1I£mM

180 150 230 170 150
Az 200 210 220 150 190 150
A 210 230 190 200 190 <« max min A
A, 150 220 170 180 220 150
As 210 200 160 150 210 150

max 210 230 230 190 220
min max a,.
T

1<n<N 1<m<M
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Decision making using game theory

Dominant and dominated strategies

Player A may choose between strategies: Al, A2 e AN

A strategy An is dominated by a dominant strategy An if
vm=12,..M a, <a..

Player B may choose between strategies: B, B,, ..., B,

A strategy B_, is dominated by a dominant strategy Bm,, if
vn=12,...N a_.=a,.
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Example

Removal of dominated strategies

Ay

IR
B, B, B

1 2 4 <« dominant
4, 10 c strategy
Step 2. --- Az—0 1 -+ <« dominated
B, B, ] strategy
A, 1 2
4, 1 0
2 T - dominated strategy

T - dominant strategy
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Example

Removal of dominated strategies

Step 3. --
B, B

Aq 1 2 <« dominant strategy

A

A7+ 0 dominated strategy

B
Bl 12
Aq

0 T - dominated strategy

Result of the game 1 - dominant strategy
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Decision making using game theory

Two-player zero-sum game
Mixed strategies: max min a_ . # Mmin max a,,

1<n<N 1I<m<M 1<n<N 1<m<M
raErsEsrm
B, B, .. B, .. By

P1 A, ayy agy e Aim - Q1M

P2 A2 arq as-, Aoam Arm
pn An anl anz “ese - cee anM

PN Ay ayi1 apy e Anm o AnMm
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Decision making using game theory

N=M=2
B B

P1 Aq aiq aiy

Pdy; + Pray :VA / Bl

Equations for player A _
P&y, + P8y, =V, / B,

P+ P, =1
P, =1- P,
Pidy; + (1_ Py )a21 :VA / Bl
a1y pa, +(1-p)a, =V, / B,
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T e .
Equations for player B 4,2, + 0, =VB / Al
0,a,, +q,8, =V I A
g, +Q, =1
q, =1-0q,
gy, +(1-0,)a, =Vs / A
a1y 0,8, + (-, ), =V, / A,
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Example

Two-person zero-sum game

Saddle point: max min a__ # MmMin max a,

1<n<N 1<m<m M 1<n<N 1<m<M
Al 3 _3 7 '3
A, -1 5 2 1 < max min a__
1<n<N 1<m<M
A4; 0 -4 4 -4
max 3 5 7

4+ min max a,,

1<n<N 1<m<M
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Example

Removal of dominated strategies

"
B, B, 3
P1 Aq

3 -3 < dominant strategy

< dominated strategy

=
3%
S
w
(@)
I

T T - dominated strategy
T - dominant strategy

Since strategies A; and B3 are dominated p3=q3=0,
we need to calculate: p4, P2, q1 and q-
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Example

Equations for player A

3p,— P, =V /B
—3p,+9p, =V, / B,

AV,
P, + p2:1

3 p2=1— P,
p\VA:4pl_1/Bl 3p1 (1_ pl):VA/Bl

1

1> _3p1+5(1_ pl):VA/BZ
- V,=-8p,+5/B,

3
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Example
Equations for player B
30, —30, =Vg I A
—0,+30, =Vg I A,

0, + 0 =1
g, :1_q1
. . BQ1_3(1_Q1):VB / A1
0 611:'2/3\< _Q1+5(1_q1):VB [ A,
2 1
-3 g, _g’ g, = §
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Decision making using game theory

Two-player zero-sum game
Mixed strategies N>2, M>2:

g1 a2 | lam | |aum
B, B, B, By
P1 Aq

a11 a12 alm alM
P2 A, a1 ap; e Qom e Qom
pn An anl anZ anm anM
P Ay ay; apy e Anm . ANMm

In this case solving the game reduces to the linear programming task
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Decision making using game theory

The task for player A:

Py, + P8y, + o0+ Py ZVA/Bm m:1’2"°'1M
P, + Py +---+ Py =1 /VA
p,=20 n=12,...,N

&aim+&a2m+...+ﬂal\lm21/8m m=12,....,M

V, V, V,

PP P 1

VA VA VA A

Pisg not2,... N Let: x,=Pn no12,. N
A Va
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Decision making using game theory

The task for player A
X +a, X, +-+ay, Xy =1/B, m=12.. M
1 Therefore, the expression should be
X+ X, +oo Xy = ..
V, minimized

X >0 n=12,...,N

Player A aims to maximize the profit
Finally, the task for player A is:

min (X, +X, +---+ X, )=V

Amin
X, X9 40 XN

with constraints: a, X, +a, X, +--+a,Xy =1 m=12.. M

x>0 n=12,..,N

Finally, the solution for player A is: P, =X, VAmin , N = 1, 2, ceny N
ﬂ HUMAN CAPITAL it Uiy o i T
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Decision making using game theory

The task for player B:
0a,+0.a,+-+quay <Vg /A, n=12,...,N
Q,+0,+:-+0, =1 /VB
9,20 m=12,....M

ianlntianz+---+q—“"anM <1/A, n=12,...,N

VB VB VB

VB VB VB VB

q—mZO m=12,....M Let: ym:q—m m=12..,M
B B
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Decision making using game theory

The task for player B

a,y,+a,y,+--+a,yy <1/A n=12,.. N

Y+ Y, ot Yy = v | Therefore, the expression should be

B maximized

y,=20 m=12 .. M o
Player B minimizes loss

Finally, the task for player B is: MaX (y1 Y, o+ Yy ):V B max

Y1, Y20 YM

with constraints:  a_,y,+a,Y, +--+a,, ¥y <1 n=12,...,N
V., =20 m=12 .. M

Finally, the solution for player B is: d, =Y, VB max » 11 = 1, 2, ceey M

-financed from the EU Euror



‘% Master programmes in English
Wroctaw University of Technology : : =

at Wroctaw University of Technology

Example

Two-person zero-sum game

Saddle point: Max min a_ . » mMin max a,,

1<n<N 1l<m<m M 1<n<N 1<m<M

Az 2 4 3 2 « max min a__

1<n<N 1<m<M
max 5 4 3

T min max a__

1<n<N 1<m<M
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Example

P1 Ay

B, B, B

5 0 1
The task for playerA p, A4, 2 4 3 The task for player B
Ietxlzﬁ,nzl,Z let ymzq—m,m:1,2,3
VA VB
min(x, + X, ) max (y, + Y, + Ys)
X1: X2 . Yi:¥2.¥s
Constraints: 5, 4 oy, > 1 Constraints: 5. oy, +y, <1
Ox; +4x, > 1
X1+ 3x, =1 2y, +4y,+3y, <1
X]_ZO XZZO y120y220y320
g e =

Wroclaw University of Technology
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Thank you for attention
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