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UNCERTAINTY –
RANDOM VARIABLE
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The choice of variant
Let us consider an example:

The network of 𝐼 mines to be modernized is given. There are 𝐽 variants of 
modernization, each involving costs 𝑐𝑖𝑗 if 𝑖-th mine is modernized by 𝑗-th

variant (𝑖 = 1, 2, … , 𝐼, 𝑗 = 1, 2, … , 𝐽). Each mine’s spoil is 𝑢𝑖𝑗 - if 𝑖-th mine is 

modernized by 𝑗-th variant. Contamination of each mine’s spoil is 
𝑧𝑖𝑗 - if 𝑖-th mine is modernized by 𝑗-th variant. The task is to assign variants to 

mines in such a way that total spoil do not fall below u, contaminations of spoil 
meet the requirements of the market (defined by the upper limit z) and total 
costs are as small as possible.
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  === JjIizuc ijijij ,,1,,,1,,  - uncertain (random) variables 
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Then:

- probability density functions of random 
variable 

- a continuous set, 

 - value of random variable 



 - value of random variable 

 K ,,, 21 = - a discrete set, 

( ) KkpP kk ,,2,1, === - probability density functions of random 
variable 
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The problem of newspapers vendor.

A newspaper vendor makes an order for bundles of 40 newspapers. Quantity 

price of one newspaper is 0.80 euro, and vendors sells it for 1.10 euro. Demand 

for newspapers  is random variable.  The „bad day” sale                  newspapers, 

the „moderate day” sale                   newspapers, and the „good day”                     

newspapers. Probability of the „bad day” is                                             , of the 

„moderate day” is                                               , of the „good day” is

. 

Decision variable x is the number of bundles the vendor should order.

x =1, 2, 3, 4, … ?

501 =

1002 = 1503 =

( ) 26.011 === pP 

( ) 40.022 === pP 

( ) 34.033 === pP 

Decision making under uncertainty



x 𝟏 = 𝟓𝟎 𝟐 = 𝟏𝟎𝟎 𝟑 = 𝟏𝟓𝟎

𝑝1 = 0.26 𝑝2 = 0.40 𝑝3 = 0.34

x=1 12 12 12

x=2 -9 24 24

x=3 -41 14 36

x=4 -73 -18 37

Value of the goal function for x = 1, 2, 3 i 4
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x 𝟏 = 𝟓𝟎 𝟏 = 𝟏𝟎𝟎 𝟏 = 𝟏𝟓𝟎 F(x)

𝑝1 = 0.26 𝑝1 = 0.40 𝑝1 = 0.34

x=1 12 12 12 12

x=2 -9 24 24 15.42

x=3 -41 14 36 7.17

x=4 -73 -18 37 -13.6
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Decision making under uncertainty

x 𝟏 = 𝟓𝟎 𝟐 = 𝟏𝟎𝟎 𝟑 = 𝟏𝟓𝟎 F(x)

𝑝1 = 0.26 𝑝2 = 0.40 𝑝3 = 0.34

x=1 34.64 34.64 34.64 34.64

x=2 -8.1 48.99 48.99 34.15

x=3 -168.1 37.42 60 -8.34

x=4 -532.9 -32.4 60.83 -130.83
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The „risk-taking” vender exaggerates profits and suppresses losses

x 𝟏 = 𝟓𝟎 𝟐 = 𝟏𝟎𝟎 𝟑 = 𝟏𝟓𝟎 F(x)

𝑝1 = 0.26 𝑝2 = 0.40 𝑝3 = 0.34

x=1 14.4 14.4 14.4 14.4

x=2 -30 57.6 57.6 34.82

x=3 -64.03 19.6 129.6 35.26

x=4 -85.44 -42.43 136.9 7.36
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A GAME-THEORETIC APPROACH 
TO DECISION MAKING 
UNDER UNCERTAINTY

A game against nature



A farmer examines the possibility of growing 5. different types of corn. The size 

of each grain yield depends on weather conditions. In terms of humidity year may 

be dry, normal or wet. The table below presents expected yield for different 

weather conditions.

Type of  
corn

Weather conditions

drought normal rain

1 8 10 12

2 10 11 7

3 9 13 8

4 11 10 6

5 10 10 9

A game against nature



Type of 
corn

Weather conditions max

drought normal rain

1 8 10 12 12

2 10 11 7 11

3 9 13 8 13

4 11 10 6 11

5 10 10 9 10  min

A game against nature
The min – max rule. 

Analyzing the subsequent rows of the matrix we find the maximum revenue that may 

be achieved for successive states of a nature. We make such a decision, for which 

the maximum revenue is the smallest. In case of ambiguity, we recommend all the 

decisions for which the above condition is satisfied.



Type of 
corn

Weather conditions min

drought normal rain

1 8 10 12 8

2 10 11 7 7

3 9 13 8 8

4 11 10 6 6

5 10 10 9 9  max

A game against nature
The WALD’s (max – min) rule. 

Analyzing the subsequent rows of the matrix we find the minimum revenue that may 

be achieved for successive states of a nature. We make such a decision, for which 

the minimum revenue is the greatest. In case of ambiguity, we recommend all the 

decisions for which the above condition is satisfied.



Type of 
corn

Weather conditions max

drought normal rain

1 8 10 12 12

2 10 11 7 11

3 9 13 8 13

4 11 10 6 11

5 10 10 9 10

 max

A game against nature
The max – max rule. 

Analyzing the subsequent rows of the matrix we find the maximum revenue that may 

be achieved for successive states of a nature. We make such a decision, for which 

the maximum revenue is the greatest. In case of ambiguity, we recommend all the 

decisions for which the above condition is satisfied.



The Hurwitz rule. 

Analyzing the subsequent rows of the matrix we find the minimum and the maximum 

revenue, i.e. values      ,         and value of the function 𝐻𝑖() for a given . We make 

such a decision, for which the value of the function 𝐻𝑖() is the greatest. In case of 

ambiguity, we recommend all the decisions for which the above condition is satisfied.

Type of 
corn

Weather conditions a
min

A
max

H()

 = 0.5drought normal rain

1 8 10 12 8 12 10

2 10 11 7 7 11 9

3 9 13 8 8 13 10.5

4 11 10 6 6 11 8.5

5 10 10 9 9 10 9.5

 max

ia

iA
- the minimum profit for i–th row

ia
iA

( ) ( )  1,01 −+=  iii AaH



A game against nature

- the maximum profit for i–th row
   - confidence factor



A game against nature

0 1


( ) ( )  1,01 −+=  iii AaH

( )iH

10

5

15

( ) ( ) −+= 11281H

( ) ( ) −+= 11172H

( ) ( ) −+= 11164H

( ) ( ) −+= 11383H

( ) ( ) −+= 11095H

( ) ( )  i
i

HH
51

max


=

=0,75



Type of
corn

Weather conditions Expected 
revenuedrought normal rain

1 8 10 12 30/3

2 10 11 7 28/3

3 9 13 8 30/3

4 11 10 6 27/3

5 10 10 9 19/3

 max

 max

A game against nature
The Laplace rule. 
Analyzing the subsequent rows of the matrix we find the expected revenue, 
assuming that successive states of nature are equally likely. We make such a 
decision, for which expected revenue is the greatest. In case of ambiguity, we 
recommend all the decisions for which the above condition is satisfied.



A GAME-THEORETIC APPROACH 
TO DECISION MAKING 
UNDER UNCERTAINTY

Two-person zero-sum game



Two-person zero-sum game
Two-player zero-sum game
Payoff matrix of player A:                        Payoff matrix of player B:

B
    A 𝑩𝟏 𝑩𝟐 … 𝑩𝒎 … 𝑩𝑴

𝐴1 𝑎11 𝑎12 … 𝑎1𝑚 … 𝑎1𝑀

𝐴2 𝑎21 𝑎22 … 𝑎2𝑚 … 𝑎2𝑀

… … … … … … …

𝐴𝑛 𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑚 … 𝑎𝑛𝑀

… … … … … … …

𝐴𝑁 𝑎𝑁1 𝑎𝑁2 … 𝑎𝑁𝑚 … 𝑎𝑁𝑀

B
    A 𝑩𝟏 𝑩𝟐 … 𝑩𝒎 … 𝑩𝑴

𝐴1 −𝑎11 −𝑎12 … −𝑎1𝑚 … −𝑎1𝑀

𝐴2 −𝑎21 −𝑎22 … −𝑎2𝑚 … −𝑎2𝑀

… … … … … … …

𝐴𝑛 −𝑎𝑛1 −𝑎𝑛2 … −𝑎𝑛𝑚 … −𝑎𝑛𝑀

… … … … … … …

𝐴𝑁 −𝑎𝑁1 −𝑎𝑁2 … −𝑎𝑁𝑚 … −𝑎𝑁𝑀

Player A aims to maximize revenue                    Player B aims to minimize losses 

Usually the payoff matrix of player A is  presented 



Example
Two candidates A and B compete for a parliamentary seat in an electoral district. 
They have to make decision concerning to carry election campaign in the last 
weekend before the election.  Each of candidates can spend one day in the city 𝑀1

or 𝑀2. They consider (independently) three possible strategies :
𝐴1, 𝐵1 − to spend one day in both cities 𝑀1 i 𝑀2,
𝐴2, 𝐵2 − to spend two days in 𝑀1, 
𝐴3, 𝐵3 − to spend two days in  𝑀2.
If candidate A chooses strategy 𝐴1, and candidate B – accordingly chooses strategies 
𝐵1, 𝐵2 or 𝐵3, then candidate A may expect gain of votes by 1%, 2% or 4%.
If candidate A chooses strategy 𝐴2, and candidate B – accordingly chooses strategies 
𝐵1, 𝐵2 or 𝐵3, then candidate A may expect gain of votes by 1%, 0% or 5%.
If candidate A chooses strategy 𝐴3, and candidate B – accordingly chooses strategies 
𝐵1, 𝐵2 or 𝐵3, then candidate A may expect gain of votes by 0%, 1% or decrease by 
1%.



Example of payoff matrix

B
    A 𝐵1 𝐵2 𝐵3

𝐴1 1 2 4

𝐴2 1 0 5

𝐴3 0 1 -1

B
    A 𝐵1 𝐵2 𝐵3

𝐴1 −1 −2 -4

𝐴2 −1 0 -5

𝐴3 0 -1 1

Player A obtains revenue at the expense of player A and vice versa, 
hence the sum of payoff matrices of players A and B is zero matrix. 

Two-player zero-sum game
Payoff matrix of player A:                        Payoff matrix of player B:



Two-person zero-sum game
Two-player zero-sum game
Payoff matrix of player A:                        Payoff matrix of player B:

B
    A 𝑩𝟏 𝑩𝟐 … 𝑩𝒎 … 𝑩𝑴

𝐴1 𝑎11 𝑎12 … 𝑎1𝑚 … 𝑎1𝑀

𝐴2 𝑎21 𝑎22 … 𝑎2𝑚 … 𝑎2𝑀

… … … … … … …

𝐴𝑛 𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑚 … 𝑎𝑛𝑀

… … … … … … …

𝐴𝑁 𝑎𝑁1 𝑎𝑁2 … 𝑎𝑁𝑚 … 𝑎𝑁𝑀

B
    A 𝑩𝟏 𝑩𝟐 … 𝑩𝒎 … 𝑩𝑴

𝐴1 −𝑎11 −𝑎12 … −𝑎1𝑚 … −𝑎1𝑀

𝐴2 −𝑎21 −𝑎22 … −𝑎2𝑚 … −𝑎2𝑀

… … … … … … …

𝐴𝑛 −𝑎𝑛1 −𝑎𝑛2 … −𝑎𝑛𝑚 … −𝑎𝑛𝑀

… … … … … … …

𝐴𝑁 −𝑎𝑁1 −𝑎𝑁2 … −𝑎𝑁𝑚 … −𝑎𝑁𝑀

Player A aims to maximize revenue                    Player B aims to minimize losses 

Usually the payoff matrix of player A is  presented 



Decision making using game theory

• Typical approaches to game solving

– determination of saddle point

– removal of dominated strategies 

– determination of mixed strategies for:

• N=2 and M=2

• N>2 and M>2



Two-person zero-sum game

Saddle point:                              ≠?= 

Decision making using game theory

B
    A min

𝐵1 𝐵2 … 𝐵𝑚 … 𝐵𝑀

𝐴1 𝑎11 𝑎12 … 𝑎1𝑚 … 𝑎1𝑀

𝐴2 𝑎21 𝑎22 … 𝑎2𝑚 … 𝑎2𝑀

… … … … … … …

𝐴𝑛 𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑚 … 𝑎𝑛𝑀

… … … … … … …

𝐴𝑁 𝑎𝑁1 𝑎𝑁2 … 𝑎𝑁𝑚 … 𝑎𝑁𝑀

max





nm
MmNn

a
 11

minmax

nm
MmNn

a
 11

maxmin

nm
MmNn

a
 11

minmax nm
MmNn

a
 11

maxmin



Two-person zero-sum game

Saddle point:                               =

Decision making using game theory

B
    A min

𝐵1 𝐵2 𝐵3 𝐵4 𝐵5

𝐴1 180 150 230 170 150 150

𝐴2 200 210 220 150 190 150

𝐴3 210 230 190 190 200 190

𝐴4 150 220 170 180 220 150

𝐴5 210 200 160 150 210 150

max 210 230 230 190 220





nm
MmNn

a
 11

minmax

nm
MmNn

a
 11

maxmin

nm
MmNn

a
 11

minmax nm
MmNn

a
 11

maxmin = 190



Decision making using game theory

Dominant and dominated strategies

Player A may choose between strategies: 

A strategy        is dominated by a dominant strategy         if

Player B may choose between strategies: 

A strategy          is dominated by a dominant strategy          if

nA  nA 

mnmn aaMm  = ,2,1

NAAA ,,, 21 

MBBB ,,, 21 

mB  mB 

mnmn aaNn  = ,2,1



Example

B
    A 𝐵1 𝐵2 𝐵3

𝐴1 1 2 4

𝐴2 1 0 5

𝐴3 0 1 -1

 dominant 

strategy

 dominated 

strategy

B
    A 𝐵1 𝐵2 𝐵3

𝐴1 1 2 4

𝐴2 1 0 5

 - dominated strategy

 - dominant strategy

Removal of dominated strategies

Step 1.

Step 2.





 - dominant strategy

Example

B
    A 𝐵1 𝐵2

𝐴1 1 2

𝐴2 1 0

 dominant strategy

 dominated strategy

B
    A 𝐵1 𝐵2

𝐴1 1 2

Step 3.

Step 4.

 - dominated strategy

Result of the game

Removal of dominated strategies
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B
    A

𝒒𝟏 𝒒𝟐 … 𝒒𝒎 … 𝒒𝑴

𝐵1 𝐵2 … 𝐵𝑚 … 𝐵𝑀

𝒑𝟏 𝐴1 𝑎11 𝑎12 … 𝑎1𝑚 … 𝑎1𝑀

𝒑𝟐 𝐴2 𝑎21 𝑎22 … 𝑎2𝑚 … 𝑎2𝑀

… … … … … … … …

𝒑𝒏 𝐴𝑛 𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑚 … 𝑎𝑛𝑀

… … … … … … … …

𝒑𝑵 𝐴𝑁 𝑎𝑁1 𝑎𝑁2 … 𝑎𝑁𝑚 … 𝑎𝑁𝑀

Two-player zero-sum game

Mixed strategies :                              ≠ 

:

nm
MmNn

a
 11

minmax nm
MmNn

a
 11

maxmin
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B

    A
𝒒𝟏 𝒒𝟐

𝐵1 𝐵2

𝒑𝟏 𝐴1 𝑎11 𝑎12

𝒑𝟐 𝐴2 𝑎21 𝑎22

N = M = 2

1

/

/

21

2222121

1212111

=+

=+

=+

pp

BVapap

BVapap

A

A

( )

( ) 2221121

1211111

12

/1

/1

1

BVapap

BVapap

pp

A

A

=−+

=−+

−=
𝒑𝟏

0 1

𝑉𝐴 𝑉𝐴

𝒑𝟏

𝑎21

𝑎11

𝑎12

𝑎22

𝑉𝐴

Equations for player A
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B

    A
𝒒𝟏 𝒒𝟐

𝐵1 𝐵2

𝒑𝟏 𝐴1 𝑎11 𝑎12

𝒑𝟐 𝐴2 𝑎21 𝑎22

N = M = 2

Equations for player B

𝒒𝟏

0 1

𝑉𝐵 𝑉𝐵

𝒒𝟏

𝑎12

𝑎11

𝑎21

𝑎22

1

/

/

21

2222211

1122111

=+

=+

=+

qq

AVaqaq

AVaqaq

B

B

( )

( ) 2221211

1121111

12

/1

/1

1

AVaqaq

AVaqaq

qq

B

B

=−+

=−+

−=

𝑉𝐵



Two-person zero-sum game

Saddle point:                                   ≠

Example

B
    A min

𝐵1 𝐵2 𝐵3

𝐴1 3 −3 7 -3

𝐴2 −1 5 2 -1

𝐴3 0 -4 4 -4

max 3 5 7





nm
MmNn

a
 11

minmax

nm
MmNn

a
 11

maxmin

nm
MmNn

a
 11

minmax nm
MmNn

a
 11

maxmin



Example

B
    A

𝒒𝟏 𝒒𝟐 𝒒𝟑

𝐵1 𝐵2 𝐵3

𝒑𝟏 𝐴1 3 −3 7

𝒑𝟐 𝐴2 −1 5 2

𝒑𝟑 𝐴3 0 -4 4

 dominant strategy

 dominated strategy



 - dominant strategy

 - dominated strategy

Removal of dominated strategies

Since strategies 𝐴3 and 𝐵3 are dominated 𝒑𝟑=𝒒𝟑=0,
we need to calculate: 𝒑𝟏, 𝒑𝟐, 𝒒𝟏 and 𝒒𝟐



ExampleB
    A

𝒒𝟏 𝒒𝟐

𝐵1 𝐵2

𝒑𝟏 𝐴1 3 −3

𝒑𝟐 𝐴2 −1 5

N = M = 2

1

/53

/3

21

221

121
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=+−

=−

pp

BVpp

BVpp

A

A

( )

( )

2

1
,

2

1

/153

/13

1

21

211

111

12

==

=−+−

=−−

−=

pp

BVpp

BVpp

pp

A

A𝑝1

0 1

5
𝑉𝐴

-1

3

3

𝑝1=1/2
21

11

/58

/14

BpV

BpV

A

A

+−=

−=

𝑉𝐴

𝑉𝐴=1

Equations for player A



ExampleB
    A

𝒒𝟏 𝒒𝟐

𝐵1 𝐵2

𝒑𝟏 𝐴1 3 −3

𝒑𝟐 𝐴2 −1 5

N = M = 2

Equations for player B

1

/5

/33

21

221

121

=+

=+−

=−

qq

AVqq

AVqq

B

B

( )

( )

3

1
,

3

2

/15

/133

1

21

211

111

12

==

=−+−

=−−

−=

qq

AVqq

AVqq

qq

B

B𝑝1

0 1

5
𝑉𝐵

-3

3

1
𝑞1=2/3 21

11

/56

/36

AqV

AqV

B

B

+−=

−=

𝑉𝐵

𝑉𝐵=1



Decision making using game theory
Two-player zero-sum game

Mixed strategies  N>2, M>2:

B
    A

𝒒𝟏 𝒒𝟐 𝒒𝒎 𝒒𝑴

𝐵1 𝐵2 … 𝐵𝑚 … 𝐵𝑀

𝒑𝟏 𝐴1 𝑎11 𝑎12 … 𝑎1𝑚 … 𝑎1𝑀

𝒑𝟐 𝐴2 𝑎21 𝑎22 … 𝑎2𝑚 … 𝑎2𝑀

… … … … … … … …

𝒑𝒏 𝐴𝑛 𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛𝑚 … 𝑎𝑛𝑀

… … … … … … … …

𝒑𝑵 𝐴𝑁 𝑎𝑁1 𝑎𝑁2 … 𝑎𝑁𝑚 … 𝑎𝑁𝑀

In this case solving the game reduces to the linear programming task
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n
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The task for player A:

Let:
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Nnx

V
xxx

MmBxaxaxa

n

A

N

mNNmmm

,,2,10

1

,,2,1/1

21

2211






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=+++

=+++

Player A aims to maximize the profit

Nnx

Mmxaxaxa

n

NNmmm

,,2,10

,,2,112211





=

=+++with constraints:

Finally, the task for player A is:

Therefore, the expression should be 
minimized

The task for player A

( ) min21
,,, 21

min AN
xxx

Vxxx
N

=+++ 


NnVxp Ann ,,2,1,min ==Finally, the solution for player A is:
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The task for player B:
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The task for player B

Mmy

V
yyy

NnAyayaya

m

B

M

nMnMnn

,,2,10

1

,,2,1/1

21

2211
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


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=+++
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Player B minimizes loss

Therefore, the expression should be 
maximized

Mmy

Nnyayaya

m

MnMnn

,,2,10

,,2,112211





=

=+++with constraints:

Finally, the task for player B is: ( ) max21
,,, 21

max BM
yyy

Vyyy
M

=+++ 


MmVyq Bnm ,,2,1,max ==Finally, the solution for player B is:



Example

Two-person zero-sum game

Saddle point:                                   ≠

B
    A min

𝐵1 𝐵2 𝐵3

𝐴1 5 0 1 0

𝐴2 2 4 3 2

max 5 4 3





nm
MmNn

a
 11

minmax

nm
MmNn

a
 11

maxmin

nm
MmNn

a
 11

minmax nm
MmNn

a
 11

maxmin



Example
B

    A
𝒒𝟏 𝒒𝟐 𝒒𝟑

𝐵1 𝐵2 𝐵3

𝒑𝟏 𝐴1 5 0 1

𝒑𝟐 𝐴2 2 4 3The task for player A                   The task for player B

( )21
,

1

21

min

2,1,

xx

n
V

p
xlet

xx

A

n
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==

Constraints:                                           Constraints:

( )321
,, 321

max

3,2,1,

yyy

m
V

q
ylet

yyy

B

m
m

++

==

000

1342

105

321

321

321



++

++

yyy

yyy

yyy5𝑥1 + 2𝑥2 ≥ 1
0𝑥1 + 4𝑥2 ≥ 1
 𝑥1 + 3𝑥2 ≥ 1

𝑥1 ≥ 0 𝑥2 ≥ 0



Thank you for attention 
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