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X, Xopeoin Xs > F(X,%5,..., X )= min F(X,X,,...,X)

X1, X5 .. Xg €9
@( :(Xv Xyt Xs)
{[x1 X, X | € R (X, X,y v, %) =0,1=1,2, ..., L,
v, (X, Xy, X )<0,m=1,2,..., M}
The above task may be solved step by step, selecting a single decision

variable to be optimized and relating with remaining decision variables.
Let us denote:

FEFS’ (0|E§0|S,|=1,2,...,L, l//m:l//msym:]-!Z’-”’M @E@(S

X
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Multistage optimization

*

step 1. Xg =G (X,,...\ Xg 1) = Fs(xl,xz,...,xs):xmi@r; Fo (X, Xy,..00 Xs)
s €7s

The value of the goal function in the optimal solution:
A

Fs_l(xl,xz,...,xs_l): Fs(xl,xz,...,x’;)z Fs(xl,xz,...,GS(xl,...,xS_l))

Constraints in the optimal solution:

Y 1(X1 ----- Xs-1):@<s (Xl ----- Xs -1 Xs :Gs(xl ----- XS—l)):

[Xl Xy o )(5—1]T eR>
<(0|S(X11X2’”' GS(Xl ----- XS—l)):¢IS—1(X1'XZ"”'XS—l):O’I:1’ 2. L, (
\‘//mS(Xl’ Kot GS(Xl ----- XS—l)):WmS—l(Xl’ LTI XS—l)S Oom=12.. M )
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Step 2. X5, =G (X Xs p) > Foy(X X0 Xy )= min Fy (X, %000 Xs )
The value of the goal function in the optimal solution:
A

Fs_z(x1 , xz,...,xs_z): FS_l(x1 , xz,...,xs_l)z Fs_l(x1 , x2,...,GS_l(x1,...,xs_z))

Constraints in the optimal solution:

G (%), xs_z)i@xs_l(x1 ..... Xs 5 Xe 3 =G (X, 00 Xg 5 )):

%, %, X, | € RS2

<§0|S—1(X1'Xz""'Gs—l(Xl ’’’’’ XS—Z)):(DIS—Z(Xl’XZ’“"XS—Z):O’I:1’ 2,..., L, (
kl//ms_l(Xl, Xy G (Xseoes Xsp ) = Wins o Xy g, o0y Xg,) <0, M=1,2, ..., M
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- Multistage optimization
StepS-1. X =G, (x)— F,(x, X )= meig? F, (X, X,)

The value of the goal function in the optimal solution:

F % )= (6= R .6, (%)

Constraints in the optimal solution:

A

@1()(1):@2()(1’ X5 :Gz(xl)):

X

S
N
~—~
<
)
N
—~~
<
~—
N
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Multistage optimization

Step S. X, —> Fl(xl*): )[Tllg? Fl(Xl)

We may now return to expressions ,G” determined in the previous steps

*

X

X; :GZ(Xl*)

Xs_4 :Gs_1(X1 Xy e xs_z)

Xq :Gs(xl,x ,...,xs_l)
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Multistage optimization

Example: F(xl, Xz): X, + XX, + X5 = FZ(Xl, Xz)

Step 1. X; =G,(x ) — FZ(Xl,X;): min{xlz T XX, "'Xzz}

Xy

a_szz(xLx’zk) =x;+2x; =0> x; = _§x1 = G,(x1)
A * 1 1Y
Fl(xl): F(Xy Xz): F(X1’Gz(xl)): (X1)2 + Xl(_lej"'(_z)ﬁj
3
Fl(xl)—zxf
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Multistage optimization

] . 13
Step 2. X, = F(x )= mln{Z xf}

d 3 5
d—XlFl(Xl)zzle =0 Xl =0

Now we may return to initial condition:
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DYNAMIC PROGRAMMING
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Dynamic programming

Dynamic process: Yo = P(yn,xn), Y,
N —thetimestep n=12,...,N

X P(y.,X.) Yo X, — decision made in the n—th step
Yy, — state of the process in the n—th step
X0 X1 XN-2| Xn-1
() ) e e e A .
~ U U

Yo Y1 - Y, YN-2 yN—£ YN

%

Decision making task: to determine a sequence of decisions: Xy, X{ 5.y Xy_1»

After N steps we want to achieve some goal, e.g.: Yy =Y~ — desired state,

The performance index Q(XO,...,XN_l, Yireeo Yy ) must take minimal value
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Dynamic programming
Let us evaluate the quality of the sequence of decisions and their effects

Q(Xgs Xy vy Xygs Yoo Yareees Y )

Examples.:
N-1
Q(XO’Xl""’XN—1’y11y2"'°’yN): Xr?’ YN:y*
n=0
N-1
Q(Xor Xpre o Xy s Vi Yoroo Yy )= 2 X2, Y <Yy <
n=0
N-1
QX Xyrever Xy yr Vi Yareo Vi )= O (Yo = Vo) 0<%, <X
n=1
N-1
Q(Xgs Xpree s Xygs Yoo Yar o s Yy ) = ZAM(xn, y...), withconstraints x_and y,
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Dynamic programming
The following procedure may be applied:

Yo
Y, = P(yO’ XO)
A

Y2 = P(yl’ Xl): P(P(yo’ Xo)v Xl): P1(ym Xo» Xl)

yn+1:P(yn ’Xn)

Yn = P(yN—l’ XN—l): P(P(yN—Z’ XN—Z)’ XN—l): = PN—l(yO’ Xor Xgpeees XN)

After substitution to Q(.) we obtain:

Q(Xm Xpyeoos Xy Yoo Yoreean Y ): An+1(Xn’ Yn+1): F(yO’XO’Xl""’XN—l)
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Dynamic programming

Due to the fact, that:
N-1 A

Q(XO’ Xl"" ! XN—1’ yl’ y2""’ yN ): An+1(Xn’ yn+1): F(yO’ XO’ Xl"" J XN—l)
The optimization task:

* *

XX Xy = QX X Y Yare e Y )= MmN Q(Xgy Xpveoos Xgs Yoo Yareoos Vi)

X0 X0+ r XN_1

IS equivalent to:

* b

Xe X e Xy = F (Yo XXX )= min F(yg, %o, Xee o Xy )

Xg s Xqse s XN 1

In order to solve the task above, the multi-stage approach may be applied.
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s P(Y,. X,) Yo Yo = P(yn’xn)’ Yo

X0 X1 XN-2| XN-1
V\ g > © e e ‘r"\ ‘r"\ >
T\ T\ " T\ Y i

N —

Q(XO’ Xl""’XN—l’ yl’ y2""7 yN ): An+l(Xn’ yn+1): F(yO’ XO’ Xl""’XN—l)

n=0
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Dynamic programming

N-1 A
Q(Xgr Xpeer Xy Vi Yareoes Yo ) = D At (X Vo )= F (Yoo Xor Xeie s Xyt )
n=0

Remark:

The final state yy depends on decision xp_; and the state yy_1, which is dependent on
previous decisions xg, X1, ..., Xy_2-

The previous state y,_; depends on decision x,_-, and the state yy_», which is dependent on
previous decisions xg, X1, ..., Xy_3-

The state y, depends on decision x; and the state y,, which is dependent on previous
decisions x, X1.

The state y; depends on decision x, and the state y,, which values are known.

In order to solve the task above, the multi-stage approach may be applied. Taking into account
the form of performance index (sum of functions of decisions x,, resulting states y,,.1).
Beginning from optimization of the last term we relate the solution from the previous state and
previous decisions.
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s P(Y,. X,) Yo Yo = P(yn’xn)’ Yo

X0 X1 XN-2| XN-1
V\ g > © e e ‘r"\ ‘r"\ >
T\ T\ " T\ Y i

N —

Q(XO’ Xl""’XN—l’ yl’ y2""7 yN ): An+l(Xn’ yn+1): F(yO’ XO’ Xl""’XN—l)

n=0
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Dynamic programming

Step 1. Xy_y —> Min A, (XN_l, yN)

XN-1

We know, that: Yn = P(yN_l, XN_l)

Xx-1 = Gya(Yn) = Min AL (X, P(Yy_ Xy-1)

XN

A

VN—l(yN—l): rI\in AN (XN—l’ P(yN—l’ XN—l)) =

N-1

=A_ (Xz_l , P(yN_l, X;_l)):AN (GN_l(yN—l)’ P(yN—l’ GN—l(yN—l)))
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Dynamic programming

Step 2. X;—z — Tin{AN—1(XN—21 yN—1)+VN—1(yN—1)}

We know, that  Yy_1 = P(yN_z, XN—Z)

X:;I—Z = GN—Z(yN—Z)_) rpin{AN—l(XN—Z’ P(yN—Z’ XN—2 ))+VN—1(P(yN—2’ XN—Z ))}

N-2

A

VN—Z(yN—Z ): II:‘I_? {AN—l(XN—Z’ P(yN—Z’ XN—2 ))+VN—1(P(yN—2’ XN—Z ))} =

= {AN_l(X:I—Z’ P(YN—2’ X:;I—Z ))+VN—1(P(yN—2’ X:l—z ))}:
:AN—l(GN—Z(yN—Z )’ P(yN—Z’GN—Z(yN—Z )))+VN—1(P(yN—2’GN—Z(yN—Z )))
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Dynamic programming

Step N-1. xl* —> min{Az(Xl, y2)+V2(y2 )}

i

We know, that Yy, = P(yl, Xl)
X =Gy(y2) > min{A, (x4, Py, % )+V, (P(y,, %))}

A

Va(ys)=min{A, (x, P(y2, %)) +V, (P(y;, x,))) =

=A, (X Py )+ Vo (P(y, )
=A, (Gl(Y1)' P(yw Gl(yl)))+vz (P(yl’ Gl(yl)))
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Dynamic programming
Step N. Xo = ”l(i)”{'a&wyl)}
We know, that Y, = P(Yo’ Xo)
% = Gol(¥o) > in{A, (45, P (0, %))+ V4 (P(¥o: %, )

Yo IS known and from now on successive decisions may be determined

* * *

Xor Xis--s Xy Xg =Gy(y,) = ylzP(yo,xg)

£ ES
N_2 — GN—Z(yN—Z ) —> YN T P(YN—z’ XN—Z)
3 *
N-1— GN—l(yN—l) —> YN = P(yN—l’ XN—l)

Project co-financed from the EU European Social Fund
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Example:

Stepl.

Dynamic programming

Yo = P(Ya X)) =2y, + X,y Y, =0
1
Q(XO’X1’yl’yZ):ZAn+l(Xn1yn+l :Z< + yn+1 ):
n=0
(e (g7 o + (-5

[

X, — min(xf +(y, —5)2)
Y, = 2y1+X1
x; =G,(y,)— min(xf +(2y, +x, —5)2)

* * * 5
2X, +2(2y1+X1 _5):03 X =G1(y ):E_)ﬁ

5 Y 5 2 5)°
Vl(y1)=(§—ylj +(2y1+§—y1—5j =2(y1—§]

HUMAN CAPITAL | o  ore
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Dynamic programming
Step 2. X, > nl:n{(xg + (y1 _5)2 )+ 2()’1 _2j2}

Yi :2y0+X0

2
X; =G, (y,) = rrl:n{(xj +(2y, + X, _5)2)+ Z(Zyo + X, —2} }

2X; +2(2yo+xg—5)+4£2y0 %, —gjzoj X; =Gy(y,)= 1: gyo =%

Now, we return back with calculations:

X, = %—wl 2><0+% %

, 9 15 5 5 5
X, ==———==—>VY,=2x0+-—=—
2 8 8 8 8
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Neural networks

ul)=3Y
W=
W=y

y=@(u,0)
MAN EUROPEAN
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Linear case - recursive algorithm
Qu(0)= Z(yn V) = Z(yn 0" p(u, )

For N measurements UN =[ul u, - N] Yy _[yl Y, - YN]
N
Sprmnt } <3yl
n=1
New N+1 measurement point U, ,, Yy.1
How to adopt vector of parameters using new measurement?

9:\]+1 = A(el’\kl »Unas yN+1)

N +1 N +1

QN+1(‘9): Z(yn -V, )2 = Z(yn _QT(P(un))Z

3 0(0,)07 ()1 ol N+1)¢T<uN+1>}1{i 1o+ Ss)

n=1

HUMAN CAPITAL ]" oy
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Linear case - recursive algorithm

(A+BD'C) =A*-A'B(D+CA*B)'CA™

B=¢ _wektor kolumnowy
D'=1
C=0¢p'
(A + o' ) AT A_1g0(1+ goTA_lgo) 1g0T A
D'=-1
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Linear case - recursive algorithm
Let: o, =p(u )n=12..,N+1

N+1 ; - N -1
(Z ¢n¢n ) (Z + ¢N+1¢N+1j —
n=1
N B N - T \ 1
_ PN 1PN T
_ (Z §0n j (Z ] T N T 1 (Z ¢n¢n j
"=t n=1 1+ wNﬂ@n_lqﬂn(/)n ) N
N -1
Let: Py = (Z PP j
n=1

T
P _P _P PnaPrna  p
N+1 — N N1L o P N
TOn NP
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Linear case - recursive algorithm

NN N
9* — P . P N+17N+1 P + —
N+1 [ N N 1+¢-I|\—I+1PN(DN+1 N][;(Dnyn ¢N+1yN+1]

\ Py@na®niPy < N N = N7 N VA
:PNZ¢nyn+PN(0N+1YN+1_ e Nz¢nyn_ NTN#PNA NZNAINA

n=1 1+§0L+1PN§0N+1 n=1 l+(0-l|\—l+1PN 2N

N
N I:)N PnaaYna T I:)N §0N+1yN+l¢L+1PN Pni — I:)N €0N+1yN+1(DL+1PN Pni — IDN §0N+1¢L+1PN anlgpn Yi
= I:)N Z§0n yn + T
=1 1+ oy Puicna

N
=P i(ﬁ Y, t+ PN§0N+1yN+1 o PN(0N+1¢-I{I+1PN Zn:l(Dn Y
N = o 1+ (0:1+1PN(PN+1

N Pyoy.aY N
=P D @Y, + (y u + PP ¢nyn)
N; 1+¢-II\—I+1PN(DN+1 e e NZﬂ:l

= 9:\: + KN+1(yN+1 _¢L+19N )
Py @y
-
1+ 0N aPyona

KN+1 -

where:
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Linear case - recursive algorithm

1
N

N N -1
O, =(ZWDI] D> .Yy =Py D .Y, gdzie: P, {Zconcalj
n=1 n=1

n=1

€:|+1 = A(é’; yUnis yN+1): 9:\: + KN+1\_yN+1 _¢(UN+1)T ‘9;]

KN = PN¢ uN+1)
+ T

1+(9(UN+1) PN(D(UN+1)
P _p _ PN@(UN+1)¢(UN+1)T Py
" " 1+§0(UN+1)T PN¢(UN+1)
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Neural networks

ul)=3Y
W=
W=y

y=@(u,0)
MAN EUROPEAN
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Neuron model

1) =

) =
(0)
Ty i
/u j—1 y
(2) 2) (1)
Hte—1e, b, > i
L]
L]
[ ]
Uy 1))
Project co-financed from the EU European Social Fund
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Neuron model simplification

\L u(o):‘]
u®
01
u®
02
u®
Og

S
y = q{z o.u" + 90] =¢0"p(u)) @ - activation function
s=1
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Activation function

d(k
(K) _ ldla x>0 Perceptron ()
—ldlax<0 K
®(k)
Adaline £
¢(K‘) =K Adaptive Linear Neuron

1+e 7

¢(K) = tanh(ﬂ;c) = ;I:_ EZ ///
+

Sigmoidal Neurgn
Mabl EUROPEAN
ngw-uusr Svﬁ:‘lJ:IAL Wroclaw University of Technology S00AL FUND
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Neuron learning

Adaline
Adaptive Linear Neuron ¢(K‘) =K
\|/u(°)=1 S
L =4 3,001 +0, | =07 olu) =" ol
u s=1
- e > .
) 0=1[0,6,--6,] (p(u):[l u(l),,,u(s)]T
[Ul u, UN]:UN [Y1 Y, yN]:YN
N o, O . )
QN (Q)ZZ(yn_yn) :Z(yn_e ¢(un)>
n=1 n=1
. N . 1N
Oy = LZ; o(u,)o" (u, )} X nZ:; YU, ) Or recursive algorithm

HUMAN CAPITAL @ s
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology ST
Project co-financed from the EU European Social Fund



@ Master programmes in English
Wroctaw University of Technology =t\Wroal -

aw University of Technology

Recursive algorithm
6’|§+1 = A(e:l U yN+1): ‘9:\: T KN+1{yN+1 _¢(UN+1)T ‘9;\:]

KN = PNgD Uy
1+¢(UN+1)T PN(D(UNH)
P —pP I:)N ¢(UN+1)¢(UN+1)T I:)N
A 1+¢(UN+1)T PNC”(UNﬂ)
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Neuron learning

Like neuron Adaline (Adaptive Linear Neuron) ¢(K‘) - One to one mapping
\|/u(°)=1
SN % S ) T
y=4 Y 0.u+6, |= 46" p(u))
— & K y s=1
TN a—— .
. 62[90 0, 6)5] (p(U)z[l u u(s)]T
Uczenie: [ul uz"'uN]:UN [Y1 yz"'yN]:YN
N N
QN (0) = Z (Kn _ En )2 — Z (¢_l(yn )_ QT (D(Un ))2 Like before
n=1 n=1
1

D
Z %
[l
>
I =
(=Y

Z ou,)e’ (u, )} s Z_: $ (Y, olu,) Or recursive algorithm
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Recursive algorithm

*

9N+1 — A(é’ﬁ y Unas YN+1): 6’:\: + KN+1{¢_1(yN+1)_¢(uN+1)T 9;]

KN = PN¢(UN+1
+ T

1+¢(UN+1) PN(”(UNH)
Pi.i=P, — Pug Uy oluy..) Py
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Neuron learning — delta roll
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Neuron learning — delta roll
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Thank you for attention
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