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L.13c. Identification of dynamic plants
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Identification
Plant

uﬁ yn

Model equation: yn + aiyn—l Teoot a'm yn—m = bOun +b1un—l +°"+bkun—k

or using transfer function: A(z%)=az'+a,z?+...+a,z"
B(z%)=b,+bz*+...+bz

we can write equivalently: vy, + A(Z‘l)yn = B(Z_l)Jn k(2 )= B(z )

yoli+ Az ) =Bl b
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Let us denote: ) = Yn-s
2 _ y B
. n-2
0= am X = ~ Yo-m
b n—
0 Un
! Uns
_bk_ i un—k |

and rewrite model equation as:

Yn=—04Yn-1—--—AuYn-m + boun + blun—l + ot bkun—k

Yn = HTXn

HUMAN CAPITAL (3 v
i HUMAN - BEST INVESTMENT! w Wroclaw University of Technology o
Project co-financed from the E

roject co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

ldentification of Dynamic Plants
Least Squares method

Performance index:

Optimization problem: N
Oy > Qu(6y)=minQy (0)=min>"(y, - 67X,

Solution: [ N jl N
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Estimation of Linear Plant Parameters

l ZH

U e w
———" 3| ldentification y”’—> + —>
Plant

Yn + alyn—l‘l' +amyn—m = boun + blun—l + -+ bkun—k

Measurements with disturbances:

Wn:yn+zn yn:Wn_Zn

Vi

N

w,+aw ,+...+a w, . =bu +bu ,+...+bu  +z +az ,+...+a.z

z is now correlated with previous states (we had w = F(u,0)+ Z before)
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or by transfer function
A(z‘l): az'+a,z’+...+a,z"

B(z‘l): b, +bz ™ +...+bz ™"

we can rewrite equivalently:

W, = A(z‘l)\Nn + B(z‘l)un +V,
Wn(l+ A(z‘l)): B(z‘l)Jn

W, =-aw,, —aw ,—...—aw__+bu +bu ,+...+bu. , +Vv

n
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Let us denote: a, —w,, ]
a2 W,
0= am X = Wi
b, Uy
b, e
' l"In—k
bk

and rewrite model equation as:

w,=0'X, +V,

Vio=2,+q,Z,_,+...+a,Z,_,
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1. Direct approach

W = —A(z‘l)\Nn + B(z‘l)un +V = —A(z‘l)\/vn + B(z‘l)un + (1+ A(z‘l))zn
A (1 +A(z‘1))= B(z‘l)un +(1+ A(z‘l))zn

wyi+ Az Blzth,

1+AizY) " 1+AzY) T

. is de-correlated, but parameters are nonlinearly involved in the equation.
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LSQ method, forgetting that are correlated:
Performance index:

Q. (0)=i(wn ~0"X,f

n=0

N
VHQN (6) = _22 (Wn B HTXn )Xn = 0m+k+1

n=0
. N 1N
Solution: 0, =[anx§j > w, X,
n=0 n=0
But: V., and z, are correlated V,=2,+a,Z, ;+...+a,Z,
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2. De-correlation of disturbances
Let us assume, that v, = pv, , +2,

V. (1— pz‘l): Z,

By multiplying both sides of equation:

Vi

AN

w,+aWw, ,+...+a.w, . =bu. +bu  +...+bu , +z +az  +...+a.z, .

by (1-pz*), we obtain:

W, (1_102_1): _alwn—l(l_ pz_l)_‘ AWy (1_ 'Oz_l)+
U, (L= oz )+ by, (1= o v, (- o27)
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Let w, =(1—pz‘1)wn , ul =(1—,oz‘1)un , Where f stands for filtered . Then:

f f

f f f f
w, =-aw ,—...—aw __+bu, +bu ,+...+bu, , +2

and now we have grounds to apply LS method:
N . 1N
6, :(zx;(x;)J 3w/ X,
n=0 n=0
where u'and w'are work out iteratively with use of following procedure:
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step 1.

N N
N :(anxgj > w, X,
n=0 n=0
step 2. W, =6 X, +V,
Vi, =W, _QLXn
step 3.

Vo =V o+ 4,
N

N
mpinZ(Vn _an—1)2 = PN = n:Nl
n=1
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step 4. er = (1—pNZ_1)\Nn =W, — oyW,,
U, = (l_pNZ_l)Jn = Uy =AU
step 5. N t N
o =231 | Swix,
n=0 n=0
GOTO 2
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3. Generalized Least Square Method

D(zYH)=(diz7 +dyz7%--d,z7")

It means that we take into account correlation (back in time) between
disturbances, not only 0z, as before.

V. = D(z‘l)\/n +2,

v, =dv _,+dv _,+...+dVv, _ +72

n n

vn(l— D(z‘l))z Z,
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3. Generalized Least Square Method
By multiplying both sides of equation:

Vi

N

R

w, +aw ,+...+a.Ww, . =bu +bu ,+...+bu  +z +az ,+...+a,z

by (1-D(z*)), we obtain:
w' =w,(1-D(z?)) uf =u,(1-D(z?))

wi=-aw  —..—aw _+bu’ +..+bu’ +z

and iterative procedure is performed:
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3. Generalized Least Square Method

step 1. 1
N TN
0, =(anx;] > w, X,
n=0 n=0
step 2.
Vi =W, _QIL—Xn
step 3.

v,=dyv, ,+d,v ,+...+dvVv,  +2Z
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3. Generalized Least Square Method

d, V.,
By denoting ¢ = d? V= V”:Z we can write equivalently:
V. =Q'V +2,

_1N

N N
. Y T _
Q, — min E (vn—Q vn) = Q, =(§ annj E /A'A
n=r n=r n=r

which gives us values of parameters of polynomial D.
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3. Generalized Least Square Method

step 4. w' = wn(l— D(z‘l)) « Q,
u’' :un(l— D(z‘l)) « Q,
step 5. . a
0Nf=[2x;(x;)Tj S w X,
GOTO 2 " ;
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N ; 1N
‘9N = ZXan ZXan
n=/ n=/

a hew measurement X, Wy,, comes in.

Update algorithm:
Ongs = PR (HN aXN+1aWN+1)

n=1

N+7 “INgs N 17N
Oy, ., = X X' X W, = X X! 4 Xy Xh X W, + X, W
N+1 — n“*n n"Yn — n“*n N+7/>*N+/ n‘'n N+7""N+7
n=1 n=1 Py
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Useful Transformations:
(A+BD*C) =A*-AB(D+CA'B)'CA™

II:3)‘:1X—1 — column vector

C=x'

(A + XX )_1 =A" - A‘lx(1+ X' A‘lx)_le A
D*=-1

(A —xx" )_1 =A"+ A‘lx(l— X" A‘lx)_le A
D'=«

1
(A +axx' )_1 =Al- Alx(i +x' Alx] x'A™
a
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n=1
P _P —P XN+1X-I|;I+1 P
N+ — ' N Nl T P N
+XN+1 NXN+1

We can rewrite previous equation as:
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X X N
_ N+17"N+1 _
‘9N+1 - PN - PN PN § l,Xan + XniaWha | =
=1

T
1+XN+1PNXN+1

N P X, . Xt P & P Xy XE  PoXy W
_ N*N+1*N+1" N N N+1N+1" N“"N+1""N+1
=P, E X W+ P Xy Wy — E X W, — T

= P X 1+x,.,P X

T
1+XN+1 NAN+1 n=1 N+1" N“"N+1

T T T N
. PNXN+1WN+1 + PNXN+1WN+1XN+1PNXN+1 - PNXN+1WN+1XN+1PNXN+1 - PNXN+1XN+1PN anlxnwn
=Py D X,W, + o P =
=1 +XN+1 NXN+1
T N
: PNXN+1WN+1_ PNXN+1XN+1PN n:1)(an
=Py D X,W, + T P =
n=1 T XN XN

T
= ‘9N + KN+1(WN+1 _XN+1‘9N)

I:)NXN+1
T
1+XN+1PNXN+1

where: K, =
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Taking everything together, we obtain the on-line identification algorithm

T
9N+l = ‘9N + KN+1(WN+1 _XN+1HN)

K — I:)NXN+1
N +1 T
1+XN+1PNXN+1
T
P - P — I:)NXN+1XN+1PN
N+1 N T
1+ XN+1I:)NXN+1
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1. Including previous measurements with weights

O, —>minZN:,Bn(Wn —0"x, )

n=1
How to choose values of £,?

* When n issmall g should be also small (close to zero).
« When nislarge B should be also large (close to N ).
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Po=a"", ae(#))

Optimization problem: N
0y > min Y " "(w, —0"x, |

n=/

Solution:

I'N
N-n
> a"x,w,
n=1

N
_ N-n T
Oy —(Za ann]
n=1
N+/ TNy
_ N+/-n T N+/-n _
On.s = Za X Xp Za X, W, =
n=/

n=/

N “1r N

_ N-n T T N-n

= aZa XnXn XN XNss aZa X Wy + XN Wi
n=

n=/
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Taking everything together, we obtain the identification algorithm
Oy =0+ KN+1(WN+1 _XlT\1+1HN )

IDNXN+1

K —
N-+1 T
a+ Xy 1 PuXya

.
P _ 1 P _ PuXpaXya Py
N+ = N TexT P

a T XN PN XN
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We use only M last measurements for identification. After getting new
measurement, the last one is thrown out.

9N+M,M

Oxnmimer add measurement X, ., Wit

Onimem reject measurement Xy, w,
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Optimization problem: NM
O —> min > (Wn —QTxn)Z

n=N

Identification algorithm:
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step 1.

N INsM 41
NIRYRVRVEY :( anxn] 2 XaW, (add Xy i1 Wyimas )
n=N n=N
step 2.

N+M +1 j1N+M +1

NUEVIRY :[ ZXnXE ZXan (ijECt Xy, Wy )

n=N+1/ n=N+/
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N+M +1 B
N+M+1M+l anxn

DN+M+1,M+1 - 9N+M,M + KN+M+1,M+I(WN+M+I _XN+M+]0N+M,M )

Pym M EN+M+1

KN+M+1,M+I - ] T P
T XNsM+7PNM M X NEM 47

.
Pym MENM+71EN+M +1 Y M

PN+I\/I+],M+I - PN+M,M - 7 T P
T XN+M+7PN+M M X N+M +7
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step 2.

_ T
9N+M+1,|v| - 9N+M,M+l - KN+M+1,M (WN _XN0N+M+1,M+1)

I:)N +M +1,M +1XN

KN+M+1,M =1 TP
— Xy N+M+1,M+1XN
T
Xy X
_ N“*N
I:)N+M+1,M - I:)N+M+1,M+l + I:)N+M+1,M+l F)N+M+1,M+1

T
1_XN PN+M+1,M+1XN
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Thank you for attention
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