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Model in the systems research

Effect:
_ - New knowledge,
uyrt)r?g:fss'zlgorithms N piam
e , : . -
- Projects - Review New contalers,
- Management -Measurement and
- Control - diagnostic devices.
- Diagnosis
X
Identification
plant
Experiment Data
Goal:
- investigation, Y
- project, _
- management, [ Modelr Comparison
- control,
- diagnosis,
Adaptation [
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Model in the systems research

* Conceptual models

* Physical models

* Analog models

* Mathematical models
 Computer models
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ldentification Task

Input Output

Identification >
plant

A 4

) Identifier +“—
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|dentification task

Determination of the identification plant
Determination of the class model
Experiment organization

> w e

Determination of the identification
algorithms

5. ldentifiers realization
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Typical identification tasks

IDENTIFICATION
PLANT

Known plant Unknown plant
characteristics characteristics
PLANT IN THE CHOICE
CLASS OF THE
OF MODELS BEST MODEL
Exact measurements Noised measurements Deterministic plant Random plant
DETERMINATION PARAMETER CHOICE CHOICE
OF THE PLANT ESTIMATION OF THE OF THE
PARAMETERS OF THE PLANT BEST MODEL BEST MODEL
CHARACTERISTIC DETERMINISTIC PROBABILISTIC
PROBLEM PROBLEM
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Plant in the class of model Choice of the best model
—_ *
D y==o(u,6y)
e ", Obiekt Y, * ( *) -
t u, _ e — 0, > 0, )= min 0
e " F(u,@) L»U N = [Ul U, -+ Uy ]’ identyfikacji N QN N ! QN ( )
e
S Yo=ly, v, - Wl o0 — g =¥ (U,,Y,)
- «?F!
In yn - F(unlg)i o @ (u.0) 41 UN :[ul u2 uN]’
i n=12,...,N yerb) YN:[yl Y, yN]
s {r=Flus) Y Optimal model for:
N Yy = IE(U \ ’9) *  Given measurements sequences
Z v df 7iNZ=e e Klass of models
=_] B P/ . . .
, o=FUyY)=nUY)| Given performance index
n u e ; :
y s 1‘:‘ B, e A‘:”_ Ny Fi. “
o, z, Methods: vy ,
= Least square
" . w = Maximum y
S e IS ey A o
L —
0
S g yw Oy =Ty (U N Wy o i
0 v =Fl6,0), v f "
w e fu(u)
y .
) ES— ‘ (r=Fluto) L y=F(.0,0)
O P Full probabilistic knowledge = Unknown probabilostic knowledge
O A e B A0 S ! = First type regrsesion +_Performance index estimatin
| HUMAN CAPITAL | Al = Second type regression e rameter estimation of the probability
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Determination of the plant
parameters (3)

U Y
—n> F(H,Q) —>
Measurements: R
UN :[ul u, -- UN]’
Yy :[yl Y, o YN] \y—F(u,H)
e
u
H” "
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Determination of the plant
parameters (4)

System of equations:
yo=FUu,,0), n=12,...,N
can be written
v, v, - wl=[F.0) Flu,6) - Fluy.0)

or Fu.6) F0) ~ Flun.0)])= FUY.0)

we can rewrite given set of equations:

Yy = IE(UN 39)
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Choice of the best model
Deterministic problem

A Y.y
n Identification yn
Plant
\
Performance [
index
A
> Model
_ Yn
Y
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n‘abl EUROPEAN
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Choice of the best model based on
the noise free measurements

 Problem formulation

Performance index: Q,(8)= HYN -Y, (49)H

Uy

where: ¥, (0)=[0(1,,0) ®(u,.0) -~ D(u,,0)]

QN<9)=zanq(yn,yn)=i=1anq<yn,q><un,e)) e.g. QNw):im—m\:i\yn—@(un,e)\

n=1

Qu(0)=max{a(y,.¥,) = max{a(y,, ®(u,,0))} e.g.: Qu(0)=max{y, -v,/}=max]y, -o(u,.0) |
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Choice of the best model based on
the noise free measurements

 Problem formulation

Optimal model: ¥ =®(u,6y) 6y —Qu (61 )=minQ, (6)
“, | identification Y
plant | The model is optimal for:
o.(0) %, « given measurement sequence
_ e proposed model
@(0) |  performance index
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Neuron model simplification

\L u(o):‘]
u®
01
u®
02
u®
Og

S
y = q{z o.u" + 90] =¢0"p(u)) @ - activation function
s=1
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Plant parameter estimation
problem

Immeasurable Measurement
random | , noise |
parameter g !
“, | ldentification | Y» | Measurement | W.
input plant output system Result of
measurements
Estimation
algorithm
Parameter l 0
. N
estimate
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Noised measurements of the
physical values

 Problem formulation |-

. 0 v, 0
Measurement noise: h(@,Z) N

Z, —value of random variable Z from the space &

Y
e
=
o

f (z) - probability density function

@ - observed vector of parameters, value of random variable 8, @€ ® C RR

f,(6) - probability density function

Measurements: VN=[V1 vV, - VN]
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Noised measurements of the
physical values

General form of estimation algorithm:

* Solution:
— Least square method
— Maximum likelihood method
— Bayesian method
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Plant parameter estimation
problem

* Deterministic plant, noised measurements of the plant output

T o) ] n(nz)
where:
UN:[ul u, -- UN]
> lIUN(UJ\/J/VN) <
WN:[Wl W, .- WN]
19N Y, —estimation algorithm

0, - estimateof 0
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Plant parameter estimation
problem

* Immeasurable random plant parameter

Vn

—_— F(u,@,a)) >

where:

UN:[ul u, - UN]

—> \PN(UN’YN) -

Yo=[Vi Yo o Yl

e
l N Y, -~ estimation algorithm

0, - estimateof 0
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Plant parameter estimation
problem

Immeasurable Measurement
random | , noise |
parameter g !
“, | ldentification | Y» | Measurement | W.
input plant output system Result of
measurements
Estimation
algorithm
Parameter l 0
. N
estimate
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\/
3
—_—

=
e

—
\ /

y n [~~~ "~~~ """¢°" "~ C

(u,y.),n=12,....,N

are values of random
variables (H,
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Choice of the best model|,
probabilistic case

Two possible cases

4/\»

Full a’priori knowledge Incomplete probabilistic information

- joint probability density function

f (u, y) of random variables (Q'X) joint probability density function

of random variables (u, y)
exist, but is not known. —
Measurements:

(u,y,),n=12,...,N

are values of (g, X)

or
- conditional probability density

function fy (y‘u)

and mrginal probability density function

f,(u)

are known
M a 'l EUROPEAN
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Full a’priori knowledge

 Regression of the | type ¢+’

=0rlu)=ehu =

='W =Elylu=u]= [y flu)ay

7 Epfu=v]

v

'
[£3
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Full a’priori knowledge

* Regression of the Il type ro )bk
y:d)(u,e)
aty, y) =[y-y[ [y-7]
QO)= [ [ly-o(u, o) [y-o(u,6)]x ‘
ws e g u
x f(u,y)dydu . ¥ ]
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Full a’priori knowledge

the | type regression weight function

The Il type regression is the best approximation of the | type regression.
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Unknown a Priori Knowledge
Empirical Estimation of the Performance Index

Empirical Estimation of the Performance Index

Empirical Probability Density Functions
Unknown parameters of the probability density functions

Empirical Probability Density Functions
Non parametric — Parzen estimation
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1) (1)
0 | o Yi Us yo 1)
X 1 > 3 Vv
g~ I "
y1(2) u3 v >
ul! Yy
£ 2) 0 e
> 2 >
uz’ vy

Example of complex system
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Complex systems identification
problems

e |dentification with restricted measurements
nosibilities

* Local and global identification
* Multistage identification
 Compleks of operation systems
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ldentification of complex systems with
restricted measurement possibilities

The following examples show the problem.

<

X U Y1 =U, Y,
> O, > O, >

Cascade structure of two elements

For the above case the system description has the form:

Mt A

v=[0 J]PJ}:yz.

Y,
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Choice of the best model of
complex system

* Locally optimal model of complex system

(1)

y1 (@)
> y

®,(u,0)[ |Qu (6,)F— D,(U;, 0,) - Qqy (05) —>

A A A

A 4

=
o
e
<<
>
R
=
“E
; y vy

(1)
y
» O 0, >
IR ;
o WL s
u, v 02 -
] y ]
ygl) v v
=(D2(U2,92) ; QzN(gz)‘_>
vy
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Choice of the best model of
complex system

* Globally optimal model of complex system

@) @]
1) u® A us y 1)
X 1 > Ol > 03 3 \' >
yl(Z) ng) v R
(2) Ugl) J ygl) ()
: @ O - g
Uz ygz) Yy VY
QN (9) —
@] WT ]
> q)l(ul'gl) (133(U3,¢93) >
78 ugf[’ @ .
u’ ys "
» ®2 (UZ’ 02 v »
ugz) _£2)
y =d(x,6)
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Two stage identification and it’s
applications

U First stage y
_> . .o . _>
identification plant
A

o,
Uz Second stage
identification plant
i "
. O
Um
M-th stage

identification plant
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Two stage identification and it’s

e e
applications
identification
| algorithm on the |«
1-st stage
e Space decomposition
u identification . g
1n1n2 > p|antonthe ynlnz > i Tlme decompOSItlon
1-st stage
A
T 92 N,
identification
- — » algorithm on the [«
Uy, identification o, N, 2-nd stage
| plant on the
2-nd stage
u1n1n2
identification
p algorithm on the |« \ *
2-nd stage u2n2 identification (91n2 identification identification 91N1n2
-  plant on the I » planton the algorithm on the -
0 2-nd stage 1-st stage 1-st stage
2N,
- measurement system
. .o . y
Two stage identification y o
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ldentification of complex of
operations

T,=F,(u,.a,), m=12...,M, T=H(T,T,,...,T,)
H - function determining the total runtime of complex of operation

F]_! F21- R FM - knOWn funCtionS

a,,a,,...,a, —unknown parameters

EUROPEAN
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Basic optimization task formulation

x@

(2)
X
Decision variables: X=| Objective function: Yy = F(X)

_X(S)

Set of feasible decisions (commonly defined by variables domain and constraints):

X €Y

Optimization task: X" — F(X")=min F(x), x" —optimal decision

X" €Y

min F (x) = —max(— F(x))
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General classification of
optimization tasks

x@a

Unconstrained optimization: 7] = R°
Optimization under equality constraints: é
T ={xe R p,(x)=0,0,(x)=0,...,p, (x) =0,L < S} ‘

x@a

Optimization under inequality constraints:

9 :{XE@S (X)) <0,p,(X)<0,...,wy, (X)SO}
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Analytical methods

* Unconstrained optimization

* Lagrange multipliers method — equality
constraints

 Kuhn-Tucker conditions — inequality
constraints
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Unconstrained optimization

Optimization task: X" — F(X") =min F(x)
=

Assumption: F(X) is continuous and differentiable.

Necessary condition for X" to be local minima:  V_F(x") =0,

If F(X) is convex function, then above equation is sufficient condition for X" to be

global minima. =N

V><
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Optimization under equality
constraints

Optimization task: X" — F(X") =min F(x)
=

G ={xeR*: 9,(x)=0,0,(x)=0,...,0,(x) =0, L<S |

(2,

»

X @)

HUMAN CAPITAL @ s
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology ST
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Optimization under equality
constraints

* The method of Lagrange multipliers

Lagrange function: A [ (X) ]
L T |4 | P2 (X)
L(x,2) = F(x)+ > 49, (x) = F(x)+ 2 p(x) A=l o=
— ; :
Necessary conditions of optimality: A Lo (X) ]

V.L(x,2),. . =0s
VAL(X,/"L)\X*,Z* =0, Ifandonly if rank G(x) =rank [G(x) : -V, F(x)]
Where: G(X)=[VX(01(X) D Vo, (X) e Vx(DL(X)]
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Optimization under equality
constraints

* The generalized method of Lagrange multipliers

Generalized Lagrange function:

L(X,4,4,) = A, F(X) +Zﬂ,¢, (X)
Necessary conditions of optimality:
V,L(% 4, %), ., =0s
VLA &), -, =0
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Optimization under equality
constraints

 The generalized method of Lagrange multipliers
L
VxI—(Xlﬂ"ﬂ‘O) :ﬂ‘OVxF(X)+Z/’{’IVX¢I (X) :OS
=1

L L
10 4, #0 VXF(X)+Z%VX¢|(X)ZOS = V,F(X)+ > AV, (x) =0
=1

1=1 7Y

L
=1V F(X)+ Zilvxgo, (x) =04 We obtain regular solutions.
=1
L
20 2, =0 Z%Vx% (x) =0, We obtain irregular solutions.
=1

Second order condition of optimality requires analysis of H(x,4,4,) =V L(X, 4, 4,).

HUMAN CAPITAL @ oy
i HUMAN — BEST INVESTMENT! Wroclaw University of Technology o
Project co-financed from the EU European Social Fund

-financed from the EU Europea



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Optimization under inequality
constraints

Optimization task: X" — F(X") =min F(x)
=

G, ={xe R 1y, (X) <0,p,(X) <O0,...,p,, (X) <O}

X3

‘//1(X) <0
z y(x) <0
X)<0
@
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Optimization under inequality constraints

Lagrange function: Kuhn-Tucker conditions m

Lo, ) =F)+u'w(x) < L(Xu)=FX)+D oW (X) Lyt

Necessary conditions of optimality:

V. L(X, y)‘x*’ﬂ* -0,
ILITV/IL(X”U)‘X*,#* = O
v, L(x ,u)‘x*'ﬂ* <0,

al IBl *
>0 o
a, B, H M If solution is regular
a=| | B=|".
O IBS as ,B = vs=1,...,sas < :Bs
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Optimization under inequality constraints Kuhn — Tucker rolls

Regularity Conditions
1. Karlin: constraints l,ul(X), v, X), o Wy (X)- linear

2. Slater: constraints wl(x), v, (X), e Wy (X) - convex functions and feasible set is

not empty
3.Fiacco — Mac Cormica: in the optimal point gradients of all active constraints are linear

independent, i.e.: . .
Vme |(X ) Vme(X XX:X* are linear independent

4.zangwil:  @(x")=D(X")
5. Kuhna — Tucker’a: for each direction d € @(X ) there exists regular curve starting in
the point x* tangent to that direction

e,(9)]
VdeD(x) 3Je(8), 4<[0,1]
o(0) = x o(9)—|
e(3)eD, Vv 9e|0,1] e‘
de(g)‘gzo R )

i mg\w-ucsv .%'T.'If“ LYL"G',")LUE'E‘E‘D{S’Q@OLDSX
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Saddle point

Saddle point

L(X*,,u*)S L(X,,u*) Vx e D(X) c R°
L(X*,,u)< L(X* ,u*) Vu>0,,

;R (Xl I, Max L (x2¢

XE X) >O,\,I



‘ \ Wroctaw University of Technology

Master programmes in English
at Wroclaw University of Technology

Numerical optimization methods

x* = F(x*) = min F(x)

x@

i g

XED,

Analytical methods has drawbacks,

when:

1. The goal function F and constraints
@, Y are nonlinear.

2. Functions F, ¢ and Y are non-
differentiable

3. Mathematical formula describing
functions F, ¢ and Y is not available,
it can only be ,,measured”

4. Large dimension of decision variables
vector
pacy)
Bl Wroclaw University of Technology A

financed from the EU European Social Fund
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Numerical optimization methods

x32)
| X AN Algorithm
//:——-f--_;z_;ﬂ' \\ 8 _
/T/ - o) ) 1 Xn+1 = l'IJ(-X'TL)PXO
/' /. (x,,// /o lE
A L /]
/ | (f" N el /' * Choice of the search
/ I U / direction.
| |
\ | — sl * Line search optimization.
I e Stopping conditions.
\h“““ﬁ__.__________ﬂ—ﬂ-”"rr’/
d?.

*
X0y X1y o) Xy o) XN = X

F(xg) >F(xq) > ..>F(x,) > ...>F(xy) = F(x")
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+@)
Xo
-ﬁ’,’%ﬂ]' "__a * Basis of search directions —
G non-gradient methods.
/////;; g \N\}
Xy . ;"; H . .
/ / / l(x;f’ /) f e Search directions based on
f / o / . .
/ / \\ // / r,-’f gradient vectors — gradient-
I:f { x, - ’ based methods.
\J’ )
————— -
&D X,
khh_‘_‘*——.__.__.__._.—ﬂ—"‘i;.-r"’,
d;
lrjl x(1)
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Line search optimization

e
X — initial solution
X1 — next solution

d — search direction
T — step size

" = F(xg + 7°d) = min F (xy + td)
T
Xo, d — fixed

F(xg+1d) £ f(7)

@) f (r) — a single variable function
(of the step size 1)

T > f(r7) = min f(7)

line search optimization = optimization of a single variable function

HUMAN CAPITAL @ v
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Reducing the interval of uncertainty

Assumption: T* € [a, b]

f(t)

HUMAN CAPITAL @ v
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Splitting the section into two parts

f(an)? f(Br)
f(r) f(r)

f(bn)

F-— - - — —— — — —— —_———_—— =

a’"l- a:n lBLn by T aan ay ‘B’; bn T
flan) < f(Bn) flan) > f(Bn)
An+1 = Qn An+1 = An
bpi1 = Bn bpy1 = by

roject co-financed from the EU European Social Fund
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Dichotomous search method

f(t)
Input data: ag, by, €, 0
f(by) Step O: n=0
| 1
i Stepl:  ap =7 (a, +by) — 6
| 1
/ i ,Bn=§(an+bn)+5
i Step2: If f(ay) < f(B,) then
— | otherwise
i%(“":f ba), L An+1 = Ap, bn+1 = bn-
Un 86 fn b»T  Step3:  If |byeq — Aneq| = €then
n:=n+1,gotol,
On =5 (an +by) — 6 otherwise
.1
Bn=-@n+b)+8  N=? # = ~(aps1 + bnss) (STOP)
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The golden section method

f(z) Input data: ag, by, €,y = Vst

2
Step0: n=20

ag = by +y(ag — bg)

) Bo = ao +y(by — ao)

Step1: If |b, —a,| <e¢, then

= %(an + b,))(STOP)

f(ay,)

|
I
/ | otherwise go to 2
- [ i Step2: If f(a,) < f(B,) then
’
I

e
r -

ff[““) ! Ap+1 = An, bn+1 = ﬁn;
a, ,f?n b, 1 Prn+1 = An, Apgq = Pp + y(an - bn)
Ap+1 “n-.l-l 3;+1 br:l-l n:=mn-++ 1, go to 1
Unt1 @nt1 Prsy b otherwise
72 +y —-1=0 Apt1 = Qp, bpyq = by,
y = % ~ 0618 N =? Un+1 = Bn Bni1 = an +¥(bp — ay)

n=n+1,gotol

HUMAN CAPITAL [‘ v
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Quadratic-fit line search method

f(t) q(t) a<b<c
f(a) = f(b)
f(b) < f(c)

q(t) — quadratic-fit function
T* - minimum of the function q(7)

(T) _ f(a)(T — b)(T — C) + f(b)(T — a)(T _ C)

=" a=b@-o (b —a)(b—c)

fe)(t—a)(t—b)
(c—a)(b—20)

_|_

_I_

. 1f(@)(b* = c?) + f(b)(c? = a®) + f(c)(a® — b?)
C T2 F@O-9+fB)c—a) + @@ b)

HUMAN CAPITAL @ s
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Line search using derivatives

Tn+1 = Tn — anl(tn) Yn > 0,7 tc)
limy, =y 2 Yn =
n—->0o -

e.g. |tn41 — 7ol < €& (STOP)

To

Ty = To — Yof (7o)
T, =Ty —V1f (7)) = 70 —vof (to) —v1f ' (71)
Tne1 = Tp + an,(Tn) = =T — )/Of,(TO) — Vlf’(Tl) — an’(Tn)

Ts1 = 7ol = | Z nef ' (@] < Z relf' @)l < max I () Z Ve

e

M ﬂ N EUROPEAN
HU CAP'TAL Wroclaw University of Technology ST
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Line search using sigh of derivatives

Tn+1 = Tn — Upsign[f'(zy)]
Yof ' (Tn) = vulf (T)| * sign f'(z,) = 9, Sign[f,(Tn)]r where 9, = y,|f' (7))
9, >0

lim 9,, = 0, because lim |f'(t,)| =0, lim y,, =y
n—oo n—>0o

n—0oo

Zﬁnzoo lim ﬁnzrlli_r)goynlf’(fn)l =0

n— oo
n=0
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Bolzano method

fz)

fz)

sign a,, # sign by,

an %(u,, + by) bn T

1 1
sign f'(an) = signf'(; (an + bn)) f’ (E (an + bn)) =0

1
An+1 = E (an + bn)

bny1 = by

i HUMAN CAPITAL
HUMAN — BEST INVESTMENT!
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f(z)

an %(u,, + by,) bn T

sign f'(bnl)
= Signf’(z (an + bn))
Ap+1 = Qn

1
bpyq = E (an + bn)
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Newton’s method

f@)

f(r)

q(t)

To
f'(Ty)
TTl+1 = TTl - f”(T )
n
Tne1 — Tnl < € (STOP)

|
|
|
|
|
|
|
|
|
+

T'U T T

1
f(@)=f(ro) + (t —10)f'(70) + > (T —10)*f" (19) + 03(IT — 7o)

\ J
|
q(7)
q’(T) =f’(T0)+(T*_T0)f”(T0) =0 =1

(@)
TS
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| A —
Method of Hooke and Jevees with

discrete steps

x@ @
H-——"—"}—;'-i-ﬁ.nh J—
hec e R 7
X=2- ;;f‘-- 2\3\ - ! \
/’; 1,51 LN - '
/// / X // };‘;‘ r';l F 7 ) // X
f {r : 3 I\"“H_,__,_..'__"_..——"/zgjf XD: zl JII"’/ IJ
I TS | i
| X=2 1 \uﬂzhzﬂrhu_ha.rw% I\ \\
N— _._-_____/,_,-// e o
d, dy
d . 1 d 1
! T — step size x @) 1 xM

a > 1 exploratory step size
f € (0,1) acceleration factor

T:=1f
HUMAN CAPITAL (3 s
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Method of Rosenbrock with discrete
@ steps

T — step size

a > 1 — exploratory step size
acceleration

p € (—1,0) —acceleration
factor

Tg == Tq

Ts = Tsf
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Method of Hooke and Jeeves using line
@ searches

__,_.-'—"""_'_.-F-'_ ''''''''
_--“"--'_" -
-
.d"",f
L
S s X
f’/ A 1
/ Xe
f / A
:' !' )
!. 1 | Tf}
T\ R
LA
ID—
o _,_,_J-""'-.r"
_\"—‘"—\_.__._d____._,-
dE
d, » (1)
i HUMAN CAPITAL - Lo
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Powell’s method — conjugate
directions

d,d5, ...,ds -conjugated directions,
A — symmetric, positively defined matrix

0 i+ @) ,
T F(x)=xTAx +b" + ¢
d; Ad; = 5
i Ad; I
1 i=j / \\
/ e
/ !
// : K
/“/ ;/ xt / //
- /
N —
- . /
d2 T
d
i H,E,“Mﬁg .,c,.,LAgPM'J:]AL Wroclaw University of Technology mg)g‘;g
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Powell’s method — conjugate
directions

x@), Fx)=xTAx+b" +¢

X1 =Xxo+x"d

T" - optimal step size along
the direction d from x,

x; =xo+1"d

T*' - optimal step size along
the direction d from x|

dTAd' =0
5 d, d’- conjugated with
d respect A

X1 — X (1)
g = X1T% X

!/

HUMAN CAPITAL (3 ey
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Powell’'s method
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Nelder-Mead method

X1 Xy ...Xs4+1 - S-dimensional simplex

@) xy = F(xy) = 1<m<%)i1F(x5)
x; > F(x;) = min F(x
L= FGa) = i, Fxo)

_ 1 z
x—S X

s=1,s¥H

Initial simplex:

e Xo, C a=L\/S+1+\/§—1)
\/_(\/S+1—1)

di=[ ] X; = Xo +dj, X511 = Xg

MAN EUROPEAN
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Nelder-Mead method
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Nelder-Mead method

Reflection
x*=x+a(x —xy)
¥k - a — reflection coefficient

ff Ifa >0
Tk FGY<F)
- 7 X Expansion
/ x=x+y(x*—x) y>1

y — expansion coefficient
If F(x*) > F(xy)

Ak Contraction

X =x+ p(xyg — Xx)

If F(x*) > ,nax F(xg)

s<s<§+1
5¢H

x*™=x+pBx*—%x) PLe(0,1)
B — contraction coefficient

MAN EUROPEAN
i H':‘jm £ST CMASP'TAL Wroclaw University of Technology g
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The gradient descent method

Xn+1 = Xp + Tpdy

co

@ Ay = —VF (n) ;70 > 0, lim 7, = 7, Z o
n=0

”xn+1 - xn” — ”Tndn” <€

d?.
= x
HUMAN CAPITAL (3 s
i HUMAN - BEST INVESTMENT! Wroclaw University of Technology o dotioned
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology —

at Wroctaw University of Technology

The gradient descent method

x(2)
Xng1 = Xp + Tpdy
d, = =V, F(x,), T, —optimal step size
along the direction d,,
IXn+1 — xall <e
dE
iE:lill x[1)

t financed from the EU European Social Fund
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Newton’s method

1
F(x) =\F(x0) + (x — x0) "V F(x0) + 5 (x — x0)"H(x0) (x — x¢) }‘" 03 (llx — x0l)

@

|
Q (x)
V,Q(x) = V. F(xg) + H(xo)(x™ — x¢) = Os

x* = xo — H™ ' (x0) Vi F (x0)

Xn+1 = Xn — H_l(xn) VieF (xy)

d, x @)
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Variable metric methods
Step 0: z; = x
dy = —D;V,F(z;) D=1
Step 1: zg, 1 = z5 + T,d;g T, — optimal step size along the direction d;
If [|zsdgll < e (STOP)
otherwise go to 2
Step 2: dgyq = —Dsy1VeF (Zs41)

pspsT . Dstqus
pEQS quSqS

ps = Tsds, Qs = |7xF(Zs+1) — VxF(Zs)
si=s+1, goto 1
Dgyq = H_l(x5+1)

HUMAN CAPITAL @ v
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Fletcher-Reeves method of
conjugate gradients

Step0:z; =x¢, s=1, diy = -V, F(z1)

Step 1: zg,1 == z, + T.d;
T, — optimal step size along the direction d;
If [ltsdsll < & (STOP)

otherwise go to 2

IV F(Zs+ 1)l d
s

Step 2: dgyy = —VeF(z511) + S0 250

s==s+4+1, goto1l
d4,d,, ..., ds — conjugate directions
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Fletcher-Reeves method of
conjugate gradients

Step0:z; =x¢, s=1, diy = -V, F(z1)

Step 1: zg,1 == z, + T.d;
T, — optimal step size along the direction d;
If [ltsdsll < & (STOP)

otherwise go to 2

IV F(Zs+ 1)l d
s

Step 2: dgyy = —VeF(z511) + S0 250

s==s+4+1, goto1l
d4,d,, ..., ds — conjugate directions

HUMAN CAPITAL @ oy
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Numerical constrained
optimization methods

x* - F(x*) = JEr(:}%)n F(x)

1. Elimination of constraints
2. Penalty function method
- exterior penalty

- barrier function

3. Methods of feasible directions

x) 4. Other approaches
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Elimination of constraints

* min F(x
x min (x)

p:R® = D,
_ x=p(2)
F(z) = F(p(2)

ZER® > x€ED,

* TR ]
Z min F(z)
ZERS
EUROPEAN
i HUMAN CAPITAL ot Uty of oy e
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T > 0 lim r, = o
k—> oo
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|
I
|
| !
J !

X
|
K w (x ) : I)I |
| I
| |
| I
| |
1 |
I I

Fp.(x) | X
|

X

1, >0 limr, =0
k—o0
i HB“M_AUE, ,,c,lesf,lJ:,AL Wroclaw University of Technology mg}y-mmo
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AT OERAIS
Tl IGFGI

x:P(x)—86 <0

d
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Gradient projection method of
Rosen

@

Me)

Pm(X)

@)

Py (x)
D
ey
P (x)
@
EUROPEAN
i HUMAN CAPITAL ot Uty of oy e
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Random search - Down Hill method

Data: F(x), X, D,y N

Step 0: n=0, X = X

Step 1: Generate point X_,, intheset D, with unity probability density
Step 2: IF F(x,,,)< F(x") THEN X" =X, ,;

Step3:IF N<N THEN n=n+1 GOTOSTEP1

Step4: X = Xy

HUMAN CAPITAL @ v
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Random search
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X* Xn+2
e 4
s -
Xn+1
[ )
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Nature-Inspired Algorithms
Bibliogrphy

* (Clever Algorithms: Nature-Inspired Programming Recipes, Jason Brownlee

* Population-Based Incremental Learning: A Method for Integrating Genetic Search
Based Function Optimization and Competitive Learning , Shumeet Baluja, School of
Computer Science Carnegie Mellon University Pittsburgh,1994

 The Bees Algorithm — A Novel Tool for Complex Optimisation Problems, D.T. Pham,
A. Ghanbarzadeh, E. Kog et. al, Cardiff University, 2006

e Zastosowanie Algorytmow Rojowych do Optymalizacji Parametréw w Modelach
Uktadéw Regulacji, Mirostaw Tomera, Zeszyty Naukowe Wydziatu Elektrotechniki i
Automatyki Politechniki Gdanskiej Nr 46, 2015

e Automatic Tuning of a Retina Model for a Cortical Visual Neuroprosthesis Using a
Multi-Objective Optimization Genetic Algorithm, Antonio Martinez-Alvarez, Rubén
Crespo-Cano, Ariadna Diaz-Tahoces et. al., International Journal of Neural Systems
26/7, 2016
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General problem formulation
x* - F(x") =£r61%)r}cF(x)

D,={x€R’¢;x)=0,1=1,2,...,L,Y,,(x) <0,om=1,2,.., M}

s

F(x)=cTx = Z cox®)
s=1
s
o (x)=al — b, = zalsx(s) —b=0 [=1,2,..,L
s=1
s
Y, (x) =alx—b, <0= Zamsx(s) —b,<0 m=12,...M
s=1

x>0 s=1,2,...8
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1. Solution is located on a

vertex
/ 1
e xM
=
or
i HUMAN CAPITAL . SOGA D
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/D 2. Solution is located on an edge

A ‘.‘.,
d, c
?f\%) - / @
o
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Geometric view

£ @

3. Unbounded solution

Sy
7Z + 7

=
c
d?.
., (1)
S
[ 74
i HUMAN CAPITAL . 00PN
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Standard form

F(x) =cTx

A: DX = {x € RS,Ax—b = OL"X = 05}

or

B: Dx = {x € RS,Ax_b < OL,x = 05}

C1 b4 x D ay; Qs
C=|:E‘, b=]|: ) X = : , ASxL=|:§ ‘

b; xS arr o 4rs

HUMAN CAPITAL @ v
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The simplex method

1. Generation of initial basis

2. Checking c — cgB™1A > 0q. If it holds, then xj is basic feasible solution x =
[xp O]

3. Suchak thatc, —z, = 1121195(% Z,) is introduced to the basis
S

4. Checking, whether h; < 0, if it holds true — solution is unbounded

5. Removing such [/ from the basis, for which:

@ min { > 0}
hlk 1<S<S Sk

6. Ip:=1Ip\{l}U{k}
Ir={€{1,2,..,5} xU) belongs to the basis }
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€1 Ck Cs
E;Tg\:/r;e Cp ho h1 h’k h’S @ hSk = 0
hsk
Xj1 Cj1 hig hi4 hig his
< | X Ci1 hyo hiy (hlk> hys
XL CiL hio hiq Ry hys
€1 — 21 Ck — Zg Cs — Zg
f h hi.h
/ l / kel
Zg = Z Cshg hs = h_S; his = his — lh -
lk Lk
SElpg
s=12,..,§ i=01,..,S§
s € Ig\{l}
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Quadratic programming

X" — F(X") = mi@rg F(x)

F(x) =x"Dx + c'x

D,={x € R°,Ax = b,x = 0}
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Linear Fractional Programming

X" — F(X") = min F(x)

XeY,
;
F(X):aTXer acR , beR, ceR,deR
c' X+d
cl'x+d=+0

D, ={x €ER°,Ax —e < 0;,x = 0¢}

Charnes - Cooper Method
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Discrete programming —
branch and bound method

x* - F(x*) = xrélzi)n F(x)

Dye =D, N{x®) cC s=1,2,..,5} integer decision variables

Special case
Dy = {X1, %3, ..., X3 } — finite set, k — large number

D, = {0, 1} - binary programming
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Step0: Dy ={Dye =Dp1},n=0,Jp =1

Step 1: Determine aset D* € D,
F(D*) = 52&117-"(23)

Step 2: Checking whether D* isaset ? ({x*} = D*)
orx* ~F(D")ie. F(D*) =F(x*) x* € D* (?)then x* optimal solution
STOP

Step 3: D* = D, issplit up into M disjoint sets

M
DinkDonk - Dynk  Dnk = U Dmnk
m=1

Stepd: D" =Dy,

Dp+1 = Dp U {D1ni, Danics -+ » Drnic}\ D

Dn+1,j :Dnj j= 1,2,...,k—1

Dn+1,j =Dmnie j=k+mm=12,...M

Dn+1,j:Dni j=k+M+ii=k+1,.. . )0 ns1=Jn+M-—-1
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n=0J,=1 Dy: x§1~T(D0) = {Dm = Dx('}
M
Dy, = U Dios
m=1 !
ZYH Dk—1,01 Dyo1 Dk+1,\01A DM01\‘
xI1~T(D11) .o xikk_l"’:F(le 1) xikk+1~T(D1k+1) o xikMNT(DlM)
x1k~T(D1k)
n=2/,=2M-1 D11k D1k DMlk

x>2k,k+m~‘7:(D2,k+ ° x;,M—1~T(D2,M—1)

X5, ~F(Dpg) - xs,k—1+m"’7:(D2,k—1+m)'" x;,k—1+M~T(D2,k—1+M)
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% =El9(e)]=

= {xe_@gs; E[go,(x,g)]:o, 1=1..., L, E[Wm(x,g)]so, m=1..., M}

X" = F(x")=min F(x)

xeD,
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A game against nature

d; - the minimum profit for i—th row
Ai - the maximum profit for i-th row Hi(7/): a7+ A (1_7/) 1S [0, 1]

The Hurwitz rule.

Analyzing the subsequent rows of the matrix we find the minimum and the maximum
revenue, i.e. values a,, A, and value of the function H;(y) for a given y. We make
such a decision, for which the value of the function H;(y) is the greatest. In case of
ambiguity, we recommend all the decisions for which the above condition is satisfied.

Type of H()
com drought normal rain y=0.5
10

1 8 10 12 8 12
2 10 11 7 7 11 9
3 9 13 8 8 13 [ < max
4 11 10 6 6 11 8.5
5 10 10 Y 9 9 10 9.5
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Two-person zero-sum game

Two-player zero-sum game
Payoff matrix of player A: Payoff matrix of player B:

ay; Qaq —aq11 —Aq2 .. —A1y

Az dz1 Qzz .. dym ... dgm AZ —dzq —d2 ... —dpp,m ... Tdpym

A, Apn1 Apnz - Aum - Qpum A, —QAp1 —Apz - —Apm - —Qpu

AN an1 Aan2 o Anm o AnMm AN —an1 —Aapn2 . —Anym - —AanMm
Player A aims to maximize revenue Player B aims to minimize losses

Usually the payoff matrix of player A is presented

HUMAN CAPITAL .\ _ _ , SOON FND
HUMAN — BEST INVESTMENT Wroclaw University of Technology
Project co-financed from the EU European Social Fund



r Master programmes in English
Wroctaw University of Technology -

at Wroctaw University of Technology

Decision making using game theory

* Typical approaches to game solving
— determination of saddle point
— removal of dominated strategies

— determination of mixed strategies for:
* N=2 and M=2
* N>2 and M>2
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Separable goal function and separable
constrains with coordinate variable

i K F )
min £(x) =min # (F, (! W), Fy (57 W), F (65, W) G ) o o 1)
7
/ "
* e : F(w)
x"(w) ¥ (w)
xg[])llnw)F L (x,w) xnggi[r]](w)FH(x” W) XKEEE?(W)FK(XK’W) F(w") = gllng (w)
xl*(w) W x”*(w) W xK*(w) W l )
w
() ()

ngw-ucsv -c:vﬁegrAL X Wroctaw University of Technology
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Multistage optimization

*

step 1. Xg =G (X,,...\ Xg 1) = Fs(xl,xz,...,xs):xmi@r; Fo (X, Xy,..00 Xs)
s €7s

The value of the goal function in the optimal solution:
A

Fs_l(xl,xz,...,xs_l): Fs(xl,xz,...,x’;)z Fs(xl,xz,...,GS(xl,...,xS_l))

Constraints in the optimal solution:

Y 1(X1 ----- Xs-1):@<s (Xl ----- Xs -1 Xs :Gs(xl ----- XS—l)):

[Xl Xy o )(5—1]T eR>
<(0|S(X11X2’”' GS(Xl ----- XS—l)):¢IS—1(X1'XZ"”'XS—l):O’I:1’ 2. L, (
\‘//mS(Xl’ Kot GS(Xl ----- XS—l)):WmS—l(Xl’ LTI XS—l)S Oom=12.. M )
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Step 2. X5, =G (X Xs p) > Foy(X X0 Xy )= min Fy (X, %000 Xs )
The value of the goal function in the optimal solution:
A

Fs_z(x1 , xz,...,xs_z): FS_l(x1 , xz,...,xs_l)z Fs_l(x1 , x2,...,GS_l(x1,...,xs_z))

Constraints in the optimal solution:

G (%), xs_z)i@xs_l(x1 ..... Xs 5 Xe 3 =G (X, 00 Xg 5 )):

%, %, X, | € RS2

<§0|S—1(X1'Xz""'Gs—l(Xl ’’’’’ XS—Z)):(DIS—Z(Xl’XZ’“"XS—Z):O’I:1’ 2,..., L, (
kl//ms_l(Xl, Xy G (Xseoes Xsp ) = Wins o Xy g, o0y Xg,) <0, M=1,2, ..., M
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Multistage optimization

Step S-1. X — Fl(Xf)= X”;'Q? Fl(Xl)

We may now return to expressions ,G” determined in the previous steps

*

X

X; :GZ(Xl*)

Xs_y :Gs_l(x1 Xy e xs_l)

Xq :Gs(xl,x ,...,xs_l)
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N —

Q(XO’XI""’XN—l’ Yir Yoreean Yn ): ZAn+l(Xn’ Yn+1): F(YO’ Xo Xl""’XN—l)

n=0
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Dynamic programming

Step 2. X;—z — Tin{AN—1(XN—21 yN—1)+VN—1(yN—1)}

We know, that  Yy_1 = P(yN_z, XN—Z)

X:;I—Z = GN—Z(yN—Z)_) rpin{AN—l(XN—Z’ P(yN—Z’ XN—2 ))+VN—1(P(yN—2’ XN—Z ))}

N-2

A

VN—Z(yN—Z ): II:‘I_? {AN—l(XN—Z’ P(yN—Z’ XN—2 ))+VN—1(P(yN—2’ XN—Z ))} =

= {AN_l(X:I—Z’ P(YN—2’ X:;I—Z ))+VN—1(P(yN—2’ X:l—z ))}:
:AN—l(GN—Z(yN—Z )’ P(yN—Z’GN—Z(yN—Z )))+VN—1(P(yN—2’GN—Z(yN—Z )))
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Dynamic programming
Step N. Xo = ”l(i)”{'a&wyl)}
We know, that Y, = P(Yo’ Xo)
% = Gol(¥o) > in{A, (45, P (0, %))+ V4 (P(¥o: %, )

Yo IS known and from now on successive decisions may be determined

* * *

Xor Xis--s Xy Xg =Gy(y,) = ylzP(yo,xg)

£ ES
N_2 — GN—Z(yN—Z ) —> YN T P(YN—z’ XN—Z)
3 *
N-1— GN—l(yN—l) —> YN = P(yN—l’ XN—l)
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Multicriteria optimization

X —decision variables vector

Fl(x), F, (X), ..., F. (X) —performance indices
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Multicriteria optimization

Synthetic performance index

F(x)=H(F(X), F,(X),..., Fc (X))

K
e.g. F(X)= kZ;,Ofk F (X)  F=aR()+a,F, () + a;Fy(x)

H(.) — monotonic for all variables

K
where: Zak=1, Ock>0, k=1,2,...,K
k=1

F(X):HFK(X)

X" — F(X") =min F(x) :
XeY, X"
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Multicriteria optimization

A selected performance index is optimized,

Upper limits for values of another performance indices are specified.

Let F,(X) be a selected performance index

Fk(x)gﬂk1 k:2,3,...,K

Requirements for performance indices are met

T =T e R F()<B k=2, K|

X" — F(X") = mi@% F (X)
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Multicriteria optimization

Ranked/prioritized performance indices
FX)>-F,(X)>...>F.(X) xeY
Step 1. @(1 = @(

X = F(4) = min F, (9

Step 2. @(2 = @Xl M {X c R : Fl(X)S Fl(Xl*)-l- 7/1}

X = F, () =min F, ()
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Multicriteria optimization
stepK. e =%y m{x € R FK—l(X)S Fl(X;k(—l)+ 7/K—1}

X =X = Fie () = min Fy (9
€ 24K
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Non-dominated solutions

X,X,eD, ©Vje{l,2,...,K}Jief,2,..., K}
F, (%)> F, (%)= F(x)<F(x,)
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Exam

e Term 0: 22.06.2026. (Monday)

room 23, building C-3, time: 91-11%
e Term 1: 29.07. 2026. (Monday)

room 22, building C-3, time: 9%>-11%

e Term 2: 6.07. 2026. (Monday)
room 22, building C-3, time: 91>-11%

HUMAN CAPITAL [ - L Euoren
HUMAAN — BEST INVESTMENT! Wroctaw University of Technology
Project co-financed from the EU European Social Fund



‘% Master programmes in English
Wroctaw University of Technology ———

at Wroctaw University of Technology

Term ,,zero”- necessary conditions

* Positive grades from practice (classes) and laboratory
i.e. 23.0 not later then ,,zero” term

* Final grade proposition mean value integer number

l.e.:
[practice (classes)+laboratory]

2
* Must be present during ,,zero” term (otherwise
reject bonus)

 Final grade = > 3.5
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e About marks from this semester | will be
informed by my assistants.

* About marks from previous years you must

inform me by mail sending positive mark form
JSOS (USOS) system with name of teacher,
name of student and index number.
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Thank you for attention
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